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ABSTRACT 

We present an explicit method for translating between the linear sigma model and the 
spectral cover description of SU{r) stable bundles over an elliptically fibered Calabi-Yau 
manifold. We use this to investigate the 4-dimensional duality between (0, 2) heterotic and 
F-theory compactifications. We indirectly find that much interesting heterotic information 
must be contained in the 'spectral bundle' and in its dual description as a gauge theory 
on multiple F-theory 7-branes. A by-product of these efforts is a method for analyzing 
semistability and the splitting type of vector bundles over an elliptic curve given as the sheaf 
cohomology of a monad. 
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1 Introduction 



Heterotic string theory on Calabi-Yau 3-folds has long constituted a phenomenologically in- 
teresting, yet technically difficult, class of string compactifications. Such compactifications 
naturally lead to chiral matter in the low energy effective action as well as = 1 supersym- 
metry in spacetime, which underscores their phenomenological potential. The general such 
compactification has (0, 2) world sheet supersymmetry. The lack of left moving supersym- 
metry severely hampers a direct perturbative study of such models and has been the subject 
of much subtle and inconclusive analysis in the past. 

The beautiful construction of (0, 2) heterotic models as infrared renormalization fixed 
points of certain (0, 2) linear sigma models was initially proposed as a controlled method for 
building (0, 2) nonlinear sigma models with a fair chance of yielding perturbatively well de- 
fined theories. Due to its simple and direct connection with the formalism of toric geometry, 
it has enabled a rather explicit study of this accessible class of heterotic (0, 2) compactifica- 
tions. 

The recent nonperturbative string revolution offers the potential of much new insight into 
both the formal and phenomenological aspects of these models. In particular, F-theory gives 
an alternate description of (some of) these models in essentially geometrical terms, thereby 
circumventing many subtle features of the heterotic formulation. Specifically, the well known 
topological and geometrical properties of Calabi-Yau 4-folds (which are elliptically and K3 
fibered) are thought to encompass the data of an elliptically fibered Calabi-Yau 3-fold to- 
gether with a stable, holomorphic -Eg ^ -^8 vector bundle. The heterotic — F-theory duality 
implies that a nonperturbative formulation of (0, 2) heterotic compactifications should cure 
the perturbative problems which many such theories apparently exhibit. In particular, F- 
theory gives an alternate description of these models in essentially geometrical terms. If 
the duality of F-theory and heterotic compactifications is taken at face value, one reaches 
the conclusion that essentially any stable Eg x Eg vector bundle over an elliptically fibered 
Calabi-Yau manifold should lead to a well-defined heterotic model once one properly includes 
the full quantum effects. In this context, F-theory gives us an unexpected way of explor- 
ing the full moduli space of (0, 2) heterotic compactifications, including its nonperturbative 
components. In fact, in the spirit of most duality conjectures, this duality is thought to 
extend to the full nonperturbative structures on each side, including various extended brane 
configurations that can arise. We see that the potential for progress in understanding chiral 

= 1 compactifications is considerable, if the map between their F-theory and heterotic 
descriptions can be made precise. 

A big step in this direction was taken in the beautiful paper of Friedman, Morgan and 
Witten where an explicit conjecture for the map from a certain part of the heterotic 
bundle data to the dual F-theory data was proposed. At the same time, three powerful 
methods for constructing stable heterotic bundles were explained and developed. In this 
paper we will concentrate on the best understood of these - the spectral cover description. 

^An exception to this rule is given by heterotic compactifications whose F-theory dual may generate a super- 
potential 
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As explained in [Q, Q, this equivalent description of the heterotic bundle proves to be 
extremely useful in analyzing (0, 2) compactifications. 

From an abstract perspective, giving an SU{r) heterotic bundle V of rank r in a certain 
component of the moduli space of stable bundles over an elliptically fibered threefold is 
equivalent to giving a pair (S, L) where S is an r-fold cover of the base of the fibration and 
L is a line bundle over S. In heterotic compactifications on a Calabi-Yau 3-fold, T, will be a 
complex surface, called the spectral cover associated to V due to its origins in the theory of 
algebraically integrable systems. Beyond giving an equivalent description of a large class of 
stable bundles (thus giving an effective way to implement the stability condition), this device 
has proven very useful in constructions of moduli spaces of stable vector bundles over elliptic 
fibrations Moreover, as explained in HI, ^, this description of the heterotic bundle allows 
one to make rather precise duality statements between certain heterotic bundle moduli and 
corresponding moduli in F-theory. 

The purpose of this paper is to connect the explicit description of the only well-understood 
perturbative heterotic (0, 2) compactifications — those realized via (0, 2) linear sigma models 
— to the comparatively abstract spectral cover description of When combined with 

the work of , this will give us a framework for understanding certain aspects of the duality 
in a computationally accessible class of models. Going through this analysis we will discover 
some rather surprising facts, indicating that there are still some gaps in our understanding 
of the proposed duality. 

In section 2 we briefly review the general form of F-theory — heterotic duality, as well as 
the spectral cover construction. In section 3 we review the linear sigma model construction 
of heterotic compactifications. In section 4 we present an explicit method for recovering the 
spectral cover of an SU (r) bundle built via a (0, 2) linear sigma model. In order to avoid 
unnecessary mathematical complications, only the 'generic]^ case is studied. A complete 
mathematical discussion of the problem (including the 'nongeneric' case) will be given else- 
where 1^. In section 5 we investigate a number of examples. We discover that the spectral 
cover of the simplest purely perturbative models that we are able to construct has a degener- 
ate form. In section 6 we briefly discuss the region of the moduli space to which we think our 
models belong, leaving a more detailed investigation of these issues to be reported elsewhere. 
Finally, in section 7 we offer our conclusions and speculations. 

While no detailed understanding of the more subtle aspects of the theory of spectral 
covers are needed for reading this paper, we do assume a general familiarity with both the 
spectral cover construction and with the toric description of (0, 2) linear sigma models. An 
appendix summarizing certain basic results on stable vector bundles over an elliptic curve 
has been included for the convenience of the non-expert reader. 



^This is the case when the restriction of the heterotic bundle to the generic elliptic fibre of the heterotic 3- fold 
splits as a direct sum of line bundles. This condition does fail to hold in a series of examples we constructed. 
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2 The geometric framework of F-theory- Heterotic 
duality 

In the original F-theory paper Q a duality between the heterotic string on and the type 
IIB string on was convincingly advocated. By giving the axion-dilaton of type IIB a 
geometric interpretation as a toroidal modulus (which is at least a consistent interpretation 
due to SL{2, Z) invariance of type IIB string theory), this duality was rephrased in terms of 
-F-theory on an elliptically fibered K3 being dual to the heterotic string on T^. 

Once one believes this duality, it is a small step to generalize it to theories with an ever 
smaller number of noncompact dimensions. One does this by making use of the adiabatic 
construction of ^ . Namely, if Bh is some large volume manifold then we can use the eight- 
dimensional i^'-theory /heterotic duality fiberwise over Bh- The idea here is that, as long 
as Bh is large, the compactification over Bh can be approximated with a family of 

compacifications, parametrized by Bh- Note, however, that continuing from this rather 
trivial situation to the case of a base of finite volume is not straightforward and necessitates 
a proper reformulation of the conjectures. Thus, the heterotic string compactified on 
fibered over Bh should be isomorphic to i^'-theory compactified a K3 fibration over Bh, 
each of whose K3 fibers are themselves elliptically fibered over a base. The total space 
of this i^3-fibration is therefore also elliptically fibered over a base Bp, where Bp is itself a 
P' bundle over Bh, i.e. a ruled variety. The duality between F-theory and heterotic models 
is most easily expressed when each side is presented in Weirstrass form, as we shall discuss 
below. 

Since the heterotic construction also involves specifying a gauge bundle, the data on the 
heterotic side generally takes the following form. We consider an eliptically fibered n-fold 
(where n = 2,3) Z over an n — 1 -dimensional base Bh, whose generic elliptic fiber is 
denoted by Eh together with the natural projection map tth '- Z — > Bh- We then specify 2 
(semistable) bundles V and V that control the representations of the left-moving fermions, 
thereby specifying the spacetime gauge structure. 

As shown in Q , the correct dual of this is an (n -|- l)-fold X, elliptically fibered over a 
base Bp by a map np : X Bp, where Bp is a ruled n fold over Bh (simply speaking, 
a P -bundle over Bh)- The generic elliptic fibre of X will be denoted by Ep. Bp can be 
obtained as the projectivisation | Bp := ¥{Ai ® Ob), where the line bundle Ai Bh is 
(partially) determined by the characteristic classes of V, V as explained in . This specifies 

•^If is a vector bundle over a base B, then the projectivisation of W is most easily defined in terms of 
complex geometry, as the variety P(iy) = W/C* where C* is the natural fiberwise action p : C* ^ End{W) 
given by: p{X){u) := Au,Vu £ Eb,\/h E B. Intutively, we associate to each fiber Wb of W the projective space 
]P(W^h) = Wb/C* and we glue these together in a P™"^^"^ -fibration over i? in a way specified by the fiberwise 
character of the action p. \i W = (Ba=i..mLa is a sum of line bundles, then a natural generalization of this 
construction is to define Vwi...w„A^) ■= W/pw^,,,w^, where Pwi...w„, is the natural fiberwise C* action on W given 
by: p«;i..tu„(ui ® ■•■ ® Urn) := A^^ui © ... ® A"""!*™, the weights wi-.Wm being positive integers. Then Pu,^...m,^ (VF) 
is a weighted projective space fibration over Bh, which will in general have singularities and is thus only a variety 
and not a manifold. The case wi = ... = w„i = 1 leads to the usual projectivisation above. Pu)i...u)„ (W^) is equiped 
with the twisting sheaf Op^^ ^ (vy)(l), which is a line bundle in the case wi = ... = Wm- Op^^ ^ {w){^) has 
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the P -fibration structure of Bp, allowing us to reconstruct Bp from the data of B^ and 
V, V' . The Kahler moduli of Bh, together with the expectation value of the heterotic dilaton, 
map to the Kahler moduli of Bp (which are the only Kahler moduli visible in F-theory on 
X). 

The bundle data V,V' are equivalent to pairs {T,,L), respectively (S',L'), where 
are n — 1-folds which are generically r-branched covers of Bh and L, L' are — generically — 
line bundles over S and L are called the spectral cover and the spectral bundle of V, 

as will be discussed in more detail below. 

The important point is that this equivalent description of V, V' allows us to organize their 
moduli in a way which facilitates describing the map to the moduli of the F-theory dual on 
X. Namely, the complex structure of Z together with the complex structure moduli of S, S' 
and the Kahler modulus of the generic elliptic fibre of Z map to the complex structure of X, 
while the moduli of L map to certain RR moduli of F-theory on X. 

To make these statements more precise, one follows [0, ^ ^ in writing both X and 
Z as Weierstrass models 0. For this, let Kbjj and Ksp be the canonical line bundles of 
Bh and Bp. (Due to the ruled character of Bp, it is easy to see that we have = 
^bI ® Op{2) (g) M, where 0^(1) is the twisting sheaf of Bp = ¥{M Ob„) )• Then 
one constructs the projectivisations: ¥h '■= P2,3,i(i^^^ © ^Bh ® ^^h) (over Bh) and 
Pf := P2,3,i(^Bp ® ® <^Bp) (over Bp) where the weights of the natural C* actions are 
indicated by subscripts. Ifx € H^{KBl®0^„{2)),y G i?°(i^^^ (8)Op^(3)), z € H^{0^„{1)), 
respectively X G H^{0{Kj^l ®0pp{2)),Y € H^{K^l 0Op^(3)),Z G /?°(Op^(l)) are the 
homogeneous coordinates of the projectivisations Pj?, P//, then we can write Z,X as the zero 
divisors associated to the sections 

heterotic: y"^ - - fxz'^ - gz^ H^{K]^l Op^{io)) (1) 

the property that its restriction to each fibre Op„^ „^ {W)b ~ WP™~^^^ is isomorphic with the twisting sheaf 
0^p™-i (1) of WP™7.^ii;„- Moreover, there are sections Xi G H^{Li ® Op^^ (called homogeneous 

coordinates of Pu,j..^n(W)), which restrict on each fibre to usual homogeneous coordinates of WP™~^^. The 
reader can consult y, y for more details on this basic construction in algebraic geometry. 

"^An elliptic fibration Y — > B with a section a will typically have singular fibers even if Y itself is smooth. 
Some of these singular fibers will simply be elliptic curves with a node (so called type Ii ) or with a cusp (type //) , 
but in general there will also be reducible fibres. The Weierstrass model IV of Y is obtained from Y by blowing 
down all components of the reducible fibers which do not meet a. This will typically introduce extra singularities 
in y. Y can be recovered from Yw by blowing up these singularities (a process called a small resolution). In 
our case, the Kahler parameters associated to small resolutions of Xw are immaterial since they are not physical 
parameters in i^-theory, but the Kahler parameters of small resolutions of Zw are physical. Therefore, using a 
Weierstrass model for Z is, strictly speaking, only possible over some locus in the moduli space of the heterotic 
theory on Z where these moduli are set to zero. On the _F-theory side this corresponds to a particular locus in 
the complex structure moduli space of X. However, throughout this paper, we will only be interested in the case 
when Z is smooth, so its only degenerate fibers are of types Ii and/or //, which are irreducible and necessitate no 
blow-down. In this case, Z is already a Weierstrass model. In other words, we do not allow ourselves to explore 
the full moduli space of our theories but only a subspace of it. 
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respectively 



F - theory : - - FXZ^ - GZ^ G H^i^^l «> Op^ (6)), 



(2) 



where / G H^{K]^^),g G H^{K^l) and F G H°{K]^^),G e H^{K^l) are sections specifying 
the complex structure of Z, X. Since Bp \s a. bundle over Bh, one can make an expansion 
in the coordinate of the fibre. Geometrically, this is described as follows. Let u G H^{M.® 
Of{1)),v G H^{Obh®Of{1)) be the homo geneous coordinates of the projectivisation Bp = 
P(A^ © Objj)- Then we can expand: 



i=O..I 



Fi 



(3) 



G 



^ w' ® v^"^ ® Gj 

j=O..J 



(4) 



where Fi G H^iK]^^ M^''), Gj G H^{K]^l ® M^-^ ) and /, J are the largest values of i, j 
for which H°{K]^'^ (g) M"^-'), respectively H^{K]^l ® M'^''), are nonzero. 

The work of |l^, ^, Q then shows that the complex structure moduli of Z (which are 
controlled by / and g) map to the moduli controlled by the 'middle sections' ^ F4 and Gg, 
while the moduli of S and S' map to the moduli of the 'lower sections' Fj, Gj {i < 4, j < 6), 
respectively, of the 'upper sections' Fi,Gj {i > 4:,j > 6) (one can formally extend the sums 
above up to i = 8, respectively j = 12, by defining Fi,Gj to be identically zero for i > I, 
respectively for j > J; this explains the terminology 'middle sections'). 

For the sake of the non-expert reader let us specialize this to the simplest case of six- 
dimensional compactifications |^ with Bh = P^ , for which the choice A4 = Opi (m) leads to 
Bp being the Hirzebruch surface Fm- As a toric variety, Fm = (C^ — ^)/(C*)^ where 

is the exceptional set and the holomorphic quotient action is given by (s, t, u, v) ^ '^l^i^ ^ 
{Xs, Xt, X^fiu, fiv). The homogeneous coordinates s,t,u,v are thus sections of the line bun- 
dles 0(1, 0), 0(1, 0), 0(m, 1), 0(0, 1), respectively. The coordinate pairs {u,v), {s,t) can be 
viewed as the homogeneous coordinates of two P^'s. Since {s,t) are left invariant by the 
action of fi, F^ as a ruled surface is a P^-fibration over P^. The coordinates (s,t) are asso- 
ciated with the P^ base (denoted by P^) while the coordinates {u,v) are associated with the 
P' fibre (denoted by P}). In this case Pft is nothing other than Bh- Clearly, this P -fibration 
is just the projectivisation Fm = P(Opi(m) © Opi), so that ^A = Opi(m) in this case. The 
twisting sheaf 0^(1) of this projectivisation can be naturally identified with Op^(0, 1). Thus 
Opi(m)©Oir(l) Oir„(m, 1), Opi©Oi?(l) ^ Oir„ (0,1) and {u,v) can be naturally identified 
with homogeneous coordinates of the projectivisation. A canonical divisor of F^ is given 



by -{Du + D^ + Ds + Dt 



-2D,, 



im + 2)Ds 



-{stuv) (where Du, D^, Dg, Dt are 



the toric divisors of Fm and ~ denotes linear equivalence), so the anticanonical line bundle 



^Here we assume that there is enough amplenesss of Kg^ , which is usually the case. In 4 dimensional compact- 
ificationSjOne usually takes Bh to be a Fano 2-fold, so Kg^ is ample. 
^For a 4-dimensional example see section 6.1. 
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is Kp = OF,„{m + 2,2). Since Bp is a toric variety, the ambient space of the Weierstrass 

model ofXis itself toric and given by: Fp :=¥2,3,i{Kp^® Kp^^OpJ « [C'^ - T')/{C*f, 
with homogeneous coordinates {s,t,u,v, X,Y, Z) and (C*)^ action : 

{s, t, u, V, X, y, z) (As, At, W^iiu, fiv, X^'^+^fi^u^X, X^'^^^ fi^u^Y, vZ). (5) 

By the same reasoning as above, the twisting sheaf of this 'projectivisation' is Op(0, 0, 1) and 
its homogeneous coordinates X, y, Z are sections of Op^ (2m + 4, 4, 2), Op^ (3m + 6, 6, 3) and 
Op^ (0,0,1). Then F G i?°(Op^ (4m + 8, 8, 0)), G G i7°(Op^ (6m + 12, 12, 0)) can be viewed 
as polynomials F = F{s,t,u,v), G = G{s,t,u,v) in {s,t,u,v) of multidegrees (4m + 8, 8), 
(6m + 12, 12) under the action of (A, fi), while Fi G i?°(Opi (m(4 8)) ^ H^{0^p{m{4 - 

i) + 8,0,0)), Gj G i?°(Opi(m(6- j) + 12)) i?°(Op^(m(12 - j) + 12, 0, 0)) can be identified 
with polynomials in (s,t) of degrees m(4 — i) + 8, respectively m(6 — j) + 12 under the 
action of A. On the other hand, the ambient space of the Weierstrass model of Z is the toric 
variety P// = P2 3 i(i^pi^ K'^^ Opi) « (C^ - T")/{G*)'^ with homogeneous coordinates 

{s,t,x,y, z) and (C*)^ action : 

(s,t,a;,y,z) ^^'^^ ^ {Xs, Xt, X'^p^x, p^y, py) (6) 
and / G i7°(Opi(8)) « /7°(Op^(8,0)),5 G ii'°(Opi(12)) « i/°(Op^(12, 0)) can be viewed as 

b b 

homogeneous polynomials f{s,t),g{s,t) of degree 8, respectively 12 under the action of A. 
This recovers the more intuitive (albeit less geometric) description of ||9|, p!o| ]. 

A precise asymptotic form of the map from S, S' to the lower /upper sections (in the 
case when the low energy effective theory has enhanced gauge symmetry) was conjectured 
in but the precise map between the complex structure moduli of Z and the middle 
sections is not yet understood. Furthermore, in general, an F-theory compactification on X 
requires specifying not only the n-fold X but also a certain point a; in a subset IJc{X) of 
the second intermediate jacobian IJ2{X) of X, giving the corresponding RR moduli of the 
compactification |^]. In |^] it was argued that the moduli of L,L' map to the moduli of this 
point LO G IJc{X), but the precise form of this map is also unknown at present. 

Now let us discuss in more detail the correspondence between a stable bundle V over Z 
with ci{V) = and the pair (S,L). Here we assume that C2{V) and C3{V) are kept fixed, 
which gives us a moduli space of stable bundles (0,02,03). []. 

Intuitively, the spectral cover S encodes the data of the heterotic Wilson lines over each 
toroidal fibre. Mathematically, the construction of {T,,L) is roughly as follows. One limits 
oneself to bundles V with the property that their restriction to the generic elliptic fibre of 
Z is a direct sum Ve = (Bj=i..rLj of line bundles over E. Note that a 'generic' semistable 
bundle of degree zero over an elliptic curve will have this property and thus one can argue 
that the 'generic' stable bundle V over Z will belong to this component of the moduli 
space. As explained in the appendix, semistability of Ve forces degLj = for all j and thus 
Lj ~ OE{qj — p) for some points qj G E, where p is the distinguished point on E where E 



^Note that this moduli space is believed to be stratified in the general case 
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touches the section of the ehiptic fibration of Z. If -ku^E) = 6 G i?//, this gives a family 
of points 9^(6) (j = l..r) with the property that 7rj/(gj(6)) =6. As 6 varies over Bu-, this 
describes an r-fold cover of Bu which we cah E, hving as a hypersurface in Z . Due to the 
compactness of Z, this cover will necessarily be branched and the above construction will in 
general fail over the elliptic fibers of Z lying above the branching locus, which generically is a 
divisor in Bu. In fact, a correct mathematical construction of E reveals that Ve will typically 
fail to be fully split for E lying above the branching locus, although the corresponding points 
of S can still be obtained by considering the pieces of the associated graded bundle of Ve (see 
the appendix). We see that, in order to recover S from all we need, in first approximation, 
is to understand the splitting behaviour of Ve for a generic elliptic fibre E of Z . This will be 
accomplished in section 4 by studying the properties of the sections of Ve- More precisely, 
we will show how one can recover T,Bh-Q where Q is a divisor in Bh above which Ve is not 
fully split. This leaves us with a certain ambiguity (which is potentially related to interesting 
physics), a detailed discussion of which will be given elsewhere. 

The reason for the appearance of L is more subtle and can only be properly understood in 
a rigorous construction. The point is that S does not contain enough information to recover 
V and one can see that the missing data are given by a line bundle L over S. Intuitively, 
E only fixes the isomorphism class of Ve^ for each fiber Eh = TrJ^ih) but not the way in 
which the concrete representative of Ve^^ 'twists' as b varies in Bh in order to form V . By 
including L, one can show that the correspondence between (E, L) and V is one to one. For 
more details the reader can consult ^, |5|, 11] ^. 



The cohomology class associated to E can be computed in terms of the characteristic 
classes of V as explained in [p. In general, E will be given by the zero divisor of a section 
s = '}2,2i+'ij+k=r (^ijkX^y^ ^ {N (S> Ozina)), where AA is a line bundle over Bh and a is 
the section of the elliptic fibration of Z. Here r := rankV and aijk G H^{J\f <^ kJ"^ ^^), the 
sum being restricted to nonnegative i,j,k. By using the equation of Z, this can always be 
written in the canonical form: 

s= J2 aex'^'^z^-'^ + y aex^'-^^l'^z'-' (7) 

0<.e=even<r 3<e=odd<r 

where Og := ae/2,o,r-e fo'^ e even and := a(e-3)/2,i,r-e for e odd. We have G H^{J\f 
Kbh^ for all e. It was shown in that: 

Cl{M) = 7thAc2{V)) (8) 

This relation fixes J\f completely if Pic^ (Bh) = 0, which is the case, in particular, if Bh is 
a toric variety. Remember that the dual heterotic n-fold is also characterized by the line 



^The non-expert reader should be aware that our explanation almost completely sacrificed mathematical rigour 
in favour of simplicity. For the reader acquainted with let us mention an important difference between the 
bundles which will appear in our examples in section 5 and the bundles considered there. The most general results of 
1^ concern bundles of trivial determinant whose restriction to the generic elliptic fibre of Z is not only scmistable 
but also regular - which means that the line bundles Li appearing in maximal direct sum decomposition of V 
explained in the appendix are mutually distinct. In particular, this rules out the tangent bundle of a threefold. 
Most of the 4-dimcnsional heterotic compactifications in section 5 do not satisfy this regularity condition. 
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bundle A4, which specifies Bp P -fibration over Bff. The conjecture of is that 

A4 = J\f (S) . Moreover (concentrating on one of the Eg factors) , if we assume that the 
gauge symmetry of the effective theory is not completely broken, then should be identified 
with certain sections related to Fi, Gj which occur naturally once one imposes on X the 
constraints required by Tate's algorithm |10|. 

In the case of 6-dimensional compactifications or of 4-dimensional compactifications with 
Bh a Hirzebruch surface F^, but Z otherwise generic, one can determine the class of a more 
explicitly as explained in Q |^. Let us recal the relevant results. Consider a generic stable 
bundle V with detl/ ~ Oz over a smooth n-fold Z, elliptically fibered over Bh (n = 2,3). 
Let S := [a{BH)] G H^{Z,Z) be the cohomology class of a{BH) and F G H^''-'^{Z,Z) be 
the cohomology class of the elliptic fibre of Z. Let [S] € H'^{Z,'E) be the cohomology class 
associated to S. 

In the appendix of [Q| it is shown that : 

(1) If Z is an elliptically fibered K3 surface with Pic(Z) ~ Z^, then : 



[S] = rank V S + C2{V)[Z] F (9) 

(2)If Z is an elliptically fibered Calabi-Yau threefold with Bh a Hirzebruch surface Fk 
(with a,b ^ H^{Bh,'Zi) the cohomology classes of the P^-fibre, respectively of the infinity 
section of F^) and if the classes A := 7r|^(a), B := '7r|^(6) and 5 := [a{BH)] form a Z-basis of 
the abelian group H'^{Z,Z) and generate the graded ring H*{Z) := H°{Z,Z) H^{Z,Z) 
H'^iZ, Z)®H^{Z, Z), then AB, AS and BS form a Z-basis of the group H'^{Z, Z). Moreover, 
if C2{y) = C2{V)as as + C2iy)BS BS + C2iy) AB is the associated decomposition of C2{y), 
then we have : 

[S] = rank V S + C2{V)as A + ca {V) bs B (10) 

Obviously a generic smooth elliptic K3 surface and a generic smooth Calabi-Yau threefold 
elliptically fibered over a Hirzebruch surface satisfy the above hypotheses. 

Since the spectral covers S, S' play a key role in the proposed duality map, this naturally 
leads us to try to understand how they can be explicitly identified. Specifically, since (0, 2) 
linear sigma models are our most insightful tool for directly constructing heterotic models, 
we would like to find a procedure for identifying S, E' in terms of linear sigma model data. 
To this end, let us briefly recall the linear sigma model construction. 

3 (0, 2) Models and the Linear Sigma Model Con- 
struction 



The linear sigma models we consider are abelian supersymmetric gauge theories in two di- 
mensions with (0, 2) supersymmetry. Their interest stems from the well-known arguments of 

^Simplifications occur in this case because of the ruled character of Bh = Fk, which implies that Z is itself 
K3-fibered. 

^"^Juxtaposition denotes the cup product in integer cohomology, while c[Z] is the evaluation of a cohomology 
class c £ H'^"{Z,'Z,) on the fundamental homology class [Z] G H2n{Z,Z) of Z. 
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Q to the effect that, if such a model is carefully defined, then it is expected to have an infra- 
red fixed point whose conformal field theory gives a good starting point for a perturbative 
heterotic compactification. 

Beyond a U{1)^ worldsheet gauge symmetry, such a model has a number s of local 
fermionic symmetries. Associated to these symmetries one has h abelian gauge multiplets 
and s pairs |^ (Ej,Ej)(j = l..s) of (nonchiral) complex fermi superfields ('twisted Fermi 
superfields'). The worldsheet matter content consists of d+1 chiral scalar superfields, denoted 
$p(/3 = l..d) and P as well as m + t chiral fermi superfields denoted Aa{a = l..m) and 
Ti(i = l..t). One also includes spectator fields as discussed in [16|. Each of the matter 
fields transforms in a representation of U{1)^ characterized by a multicharge q € Z^. The 
only fields which transform nontrivially under the local fermionic symmetries are Fj, 

and Aq are controlled by holomorphic functions 



and Sj. The transformation laws of Fj 



EQl'{^){i = l..t,j = l..s), respectively Ea\^){a = l..m,j = l..s). Beyond the usual 
gauge kinetic and Fayet-Iliopoulos D and theta terms and the kinetic terms of the matter 
fields, the action contains a term describing a coupling of the fermionic superfields A^ to the 
twisted fermionic fields Sj. It also contains a superpotential which couples F, to holomorphic 
combinations Ga{^i--^d)i P to A^ and to holomorphic combinations Fa{^i...^d), as well as 
spectator field terms. Our notation for the various U{\) charges is given below : 



(t>p 


p 


Aa 


li 


1p 




qa 





E^^ 


pi 

^Oi 


Fa 




qa 


qoi - qo 


-qo - qa 


-qoi 



A semiclassical study of these models |15, and references therein] reveals an intricate 
phase structure for their moduli space which can be explicitly analyzed by methods from 
toric geometry. Physically, these phases arise by changing the values of the h Fayet-Iliopoulos 
parameters on which the models depend. Typically one builds such a model so that it 
admits a Calabi-Yau phase in which all of the r-parameters are positive. By following the 
assignment of gauge charges for the various fields, one finds out that the moduli space in such 
a region is described — at least in the limit of large r-parameters — by a nonlinear (0, 2) 
sigma model defined over a Calabi-Yau variety Z realized as a complete intersection in a toric 
variety. Such a model is specified, in the classical limit, by Z and a vector bundle V over Z. 
To interpret the data {V, Z) as a starting point for a perturbative string compactification, Z 
must satisfy the Calabi-Yau condition and V must admit the structure of a (semi-) stable 
holomorphic vector bundle over Z with ciiV) = 0, C2{y) = C2(T). This imposes certain 
constraints on the gauge charges of the original (0, 2) linear sigma model, which turn out 
to be equivalent to the absence of an anomaly for the gauge, left U{1) global and right 
i?-symmetries of that theory. However, the emergence of the stability condition for V is 
somewhat mysterious in this context, and very hard to test. At present, we do not know the 
full set of conditions which ensure that a well-defined (0, 2) linear sigma model gives rise to 
a (semi-) stable bundle V . 

^^The notation we use follows the conventions of to which wc refer the reader for further details. We denote 
the lowest component of a superfield by the lower case form of the same letter. Thus, is the lowest component 
of <i>p etc. 
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In practice, a self-consistent way to test this is provided by the analysis of the linear sigma 
model in other phases. Concretely, such a model will typically also admit a Landau-Ginzburg 
phase in which it reduces to a supersymmetric Landau-Ginzburg model. By analyzing the 
corresponding conformal field theory one can extract information about the spectrum |l9|. 
It is believed that inconsistency of the theory at the Landau-Ginzburg point signals a failure 
of the stability condition for V. One of the main points that we will make in the following 
is that, when we talk about a 'purely perturbative' linear sigma model, we will require it 
to be well-behaved at the Landau-Ginzburg point. Note that, since we do not have a good 
direct way to test semistability of V over Z, we regard this condition as central for having 
a well-defined perturbative model. Careful implementation of these consistency conditions 
will have a significant effect on the results we find. 

We now explain the mathematical description of the model in the deep Calabi-Yau phase, 
which — modulo the above — is the only part of the linear (0, 2) moduli space directly 
entering our subsequent discussion. In the limit of large but fixed positive Fayet-Iliopoulos 
parameters, the moduli space is the simplectic quotient of the minimal set of the bosonic 
potential via the action of the gauge group U{1)^. Rewriting this as a holomorphic quotient 
one obtains a complete intersection Gi($) = .. = Gt{^) in a toric variety P = (C^ — 
J^)/{C*)^, where is the exceptional set. The bosonic fields (j)p transform as homogeneous 
coordinates of P. Since in this phase they are restricted to lie in Z, we will however denote the 
homogeneous coordinates of P by Xp, with the understanding that on Z we have (pp = Xp. 
Analysis of the massless fermionic modes reveals that the gauge data V are given by the 
cohomology of a monad. Specifically, this means that V is defined by the cohomology of the 
complex : 



- lOz(ga) ^ Oz{-qo) 



e|=iOz 

In this equation, the maps / and g act on the fibers as follows : 







(11) 



fx{vi--r]s 



E'i\x) 



\ E^}}{x) 



e['\x) \ 
E!f\x) 



eI^\x) J 



m 

\Vs ) 



, Vx € Z, \/r]j G Oz,'^ 



(12) 



where Ei^^ € H^{Oz{qa)), and 



gx{Vi...Vm) 



^ Fa{x) ® Va^X G Z,yVa G Oz,x{qa 



(13) 



a=l..m 



where Fa € H {Oz{—qo — Qa))- By taking dimensions in ([TT]) one easily sees that we have 
m = r + s + 1 where r :=ranky. The sections of V are identified with masless linear 
combinations of the fermionic coordinates . 

In order to avoid complications, we will choose the defining data so that y is a bundle 



over a nonsingular Calabi-Yau manifold Z. As argued in |15], it is possible to consider more 
general situations, but we will restrict to this case. In particular, this means that we choose 
the maps /, g in the monad to be transverse. 
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Analysis of the Landau-Ginzburg phase as in |15| leads to the conclusion that the number 
s of local fermionic symmetries of the underlying linear sigma model (which is equal to the 
number of columns E^^^ of the matrix above) must be large enough to avoid having massless 
charge zero fermions at the Landau-Ginzburg point. Mathematically, this is reflected by the 
fact that, since ci{V) = 0, a necessary condition for stability of V is that H^{V) = 0. That 
is, the presence of the s twist fields gives a big enough space H^{(Bj=i..sOz), which helps 
to mod out the nontrivial regular sections of V. While this is not a sufficient condition for 
a well-behaved Landau-Ginzburg theory, presence of a sufficient number of local fermionic 
symmetries is required for stability of V. 

For later reference, we note that the conditions ci{V) = ci(TZ) = and C2{V) = C2{TZ) 
imply 1^ the following constraints on the multicharges : 

T.1P = - E ^Oa (14) 

P a=l..t 

^ Qa = -qo (15) 

a=l..m 

E QaQi-QoQl = T.'lp1p- E fcoa (16) 

a=l..m P a=l..t 

Moreover, invariance of the action under the local fermionic symmetries requires : 



E = - E E^G, (17) 



a=l..m i=l..t 



4 Spectral Covers for (0, 2) Linear Sigma Models 

In this section we give a method for computing the spectral cover of the bundle V in the case 
of a heterotic compactification on an elliptically fibered n-fold Z which admits a (0, 2) linear 
sigma model description. No detailed understanding of subsection 4.1 is needed for reading 
the rest of this paper. The reader may consult only the summary of our method, given in 
subsection 4.2. Before giving the derivation, let us mention a few salient points: 

(1) We will assume that the restriction Ve of the bundle V to the generic elliptic fibre E 
of Z is semistable. This is the main requirement for having a spectral cover description of 
V, as explained in p. 

(2) For simplicity, we will further assume that, for a generic E, Ve decomposes as a direct 
sum of line bundles. As explained in the appendix, this need not be the case, even if Ve is 
semistable. However, a generic stable bundle V over Z (of trivial determinant) will have this 
property. Therefore, the simplified analysis we will present holds for the generic case. 

(3) To avoid overwhelming technicalities, we will not explain here how one can actually 
test whether the restriction of a given y to a generic elliptic fibre E is semistable or not; 

^^One can easily see the necessity of these conditions by considering the corresponding Chern classes in the 
Chow ring A* (P) . The sufficiency of these conditions on charges is not assured unless P is itslef smooth, but we 
will neglect this subtlety here. 
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neither will we explain how to test whether Ve indeed decomposes in a direct sum of line 
bundles. 

A significant number of bundles produced by (0, 2) model constructions fail to satisfy (1) 
or (2) or both. Therefore, far from being pedantic, a criterion for identifiying and dealing 
with such cases is a necessity once one starts exploring the wealth of available (0, 2) model 
constructions. While a bundle which violates (1) does not admit a spectral cover description, 
a bundle which violates (2) but obeys (1) is tractable. To study bundles of the latter type, 
one has to answer the questions raised at (3) and generalize the algorithm of this section to 
cases when Ve does not split as a direct sum of line bundles. This can in fact be achieved 
by an extension of the methods presented here, as is discussed in detail in to which we 
refer the interested reader. 



4.1 Derivation of the method 



Assumptions and notation 

We will be interested in the case when Z is smooth, elliptically fibered via a map tth '■ 
Z — > Bh, and has a nonsingular base Bjj- We will denote by Ws the restriction of a vector 
bundle W ^ Z to a suhmanifold S of Z. 

Fix a point b in the base Bh and consider the elliptic fibre 7r~^(6) := E above this point. 
Throughout our discussion we will keep b fixed, treating it as a parameter. We assume that 
the fibration tth has a section a. a{Bj{) defines an effective divisor in Z. We denote by 
Oz{cr) the associated line bundle on Z. We assume that the restriction Ve of V is semistable 
and of trivial determinant for the generic elliptic fibre E of Z; then V admits a spectral cover 
description as explained in Q ^. Note that this is a nontrivial condition for V and is the 
main assumption underlying much of the work of [^, Q]. In particular, it is the only case for 
which a concrete proposal for the map relating heterotic bundle data to F-theory data has 
been conjectured 

Moreover, it can be argued that a 'generic' stable bundle over Z has the property 

that its restriction to the generic elliptic fibre E of tth is a fully split semistable vector bundle. 
Here by fully split we mean that V\e splits as a direct sum of holomorphic line bundles f^. 
While this later assumption is not essential for the validity of our method of computing the 
cover Q , we will restrict the presentation of this section to bundles satisfying this additional 
condition. It should be noted, however, that this condition indeed fails to hold in a number 
of models that we were able to construct. Most models we include in the next section have 
been chosen to satisfy this assumption (this was tested by the methods of P). 



^•^This is soniewhat contrary to the usual mathematical convention in which splitting is considered for the 
associated SU{r) principal bundle and is thus equivalent to the existence of a filtration by holomorphic subbundles 
of consecutive dimensions. Since such a filtration is automatic for degree zero semistable vector bundles over 
(smooth) elliptic curves, this more classical terminology carries no interesting information in our case. 
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Identifying the spectral cover 



Assuming that 6 is a generic point in Bh it folows that 

Ve := V\e = ®UiLi (18) 

where Li are degree zero holomorphic hne bundles over E. Any such line bundle can be 
represented as Li = 0{qi — p) where we choose the distinguished point p of E to be given by 
p = a{b) G E. Now let := Ve ® 0{p). is a degree r semistable vector bundle over E 
which splits as 

= ®]=^OE{q,) (19) 

The spectral cover associated to the bundle V is essentially the collection of points qj over 
every point b in the base. Therefore, we are interested in concretely identifying the points qj 
starting from our monad data. 

Determining qj from sections of 

By the Riemann-Roch theorem we have h^{0{qj)) = 1, h^{0{qj)) = 0, which shows 
that, under our assumptions for V and b, H^{V^) is r-dimensional while H^{V^) = 0. Let 
Sj € H^{OE{qj)) be a holomorphic section with associated divisor (sj) = qj. Then Sj has 
a simple zero at the point qj and no other zeroes or poles. Since duncH^iOE^qj)) = 1, we 
have H^{OE{qj)) =< Sj > (the linear span of Sj). (This implies in particular that each 
Sj is unique up to multiplication by a constant complex scalar). It follows that {si...Sr) 
form a basis of H^(V^). Unfortunately, it is hard to identify such sections of directly. 
Nevertheless, one can use any system of generators {ui...uj^) of the vector space H^{V^) in 
order to determine the points qj. For this, note that there must exist a constant matrix A 
with the property : 

{ui...unY = A{.Si...SrY (20) 

Since ui..un generate H'^{V^), we have rank^ = r. As (|20| ) is a functional equation, we 
can evaluate it at any point e € -E to obtain : 

(ni(e)...njv(e))* = A{s^{e)...Sr{e)Y (21) 

Since rankA = r, it easy to see that dime < ui(e)...-UAr(e) > = dime < si{e)...Sr{e) > for 
all e E, where < ... > denotes the linear span of the corresponding set of vectors |^ Now, it 
is clear that dime < si{e)...Sr{e) > will decrease in discrete jumps precisely for e G {qi...qr} 

^''hideed, let (ei(e)...ed(e)) be a basis of < si(e)...Sr(e) >, where d =dimc < si{e)...Sr{e) >. Then 
(si(e)...s, (e))* = B{e){ei{e)...ed{e)Y , with B{e) a matrix of maximal rank. It follows that : 

(ui(e)...ujv(e))* = AB{e){ei{e)...ed{e)Y . As A and B have maximal rank, the associated linear operators 
A G L{C^,C") and B e L{C'^,C^) are injective, and so is their composition AB = AB, which implies that AB 
also has maximal rank, equal to r. Therefore dime < ui(e)...ujv(e) >= Tauk(AB) = d =dimc < si(e)...Sr{e) >. 
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and this criterion can be used to find the points qi. It follows that the (multi)set qi...qr 
can be identified once one posesses any explicit system of generators (ui-.-u^) of H^{V^). 
Note that the points qi need not all be distinct. If some subgroups of them coincide (say, 

qi=q2 = ■■ = qh,qh+i = ■■ = qi^+i^, ■■■,qh+..+lt-i = ••• = qii+.-.+k^ with li + ... + lt = r) then 
dime < cj(e)...(Tr(e) > will decrease by Ij at the point qi. = ... = q^_^j^i. and we can still 
use the information above to completely specify the multiset qi...qr. The calculation of the 
spectral cover is thereby reduced to obtaining a system of generators of H^iV^) from our 
monad data, and this is a simple exercise in sheaf cohomology, which we carry out next. 

Obtaining a generating set of sections from the monad description 

We start from the definition (|ll]) of V , which we restrict to E to obtain the following 
monad, whose cohomology defines the restriction Ve oiV io E: 

®]=iOe ^ e™ lOijfe) ^ OE{-qo) (22) 
Now twist the restricted monad by the line bundle Oe{p) to obtain: 

(B^OEip) ^ ®7=iO'E{q~a) ^ O'Ei-qo) (23) 

where we defined S'e ■■= £E'^OE{p),0'^{qa) ■■= OE{qa)®OE{p) and O^(-q'o) OEi-qo)® 
Oe{p). 

It is easy to see that the cohomology of this monad defines a vector bundle which is 
canonically isomorphic to the twisted bundle := Ve ^ 0{p). We now rewrite this as a 
pair of exact sequences: 

®j=l..sOE{p) ^ (Ba=l..mO'Eiqa) ^ £' ^ (24) 

O^V ^ 0'{-qo) (25) 

where £ := coker(/) and g is the map canonically induced by g via descent. Note that g is 
the unique map making the following diagram commute: 

©a=l..mO£;(^a) 

Pi O \ff (26) 

S'e M 0'{-qo) 

Here j, p act as the natural injection, respectively surjection on each fiber. More precisely, 
for any e & E, the action of p at e is given by the canonical surjection: 

Pe ■■ (Ba=l..mO'E,eiqa) > £' E,e ■= ®a=l..,nO'E,e{qa) / fe{®j=l..sOEAP))- (27) 

By using H^{Oe{p)) = and H^(y^) = we see that the associated cohomology long 
sequences collapse to the pair of short exact sequences 
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®j=1..sH\Oe{p)) ^ ®a=l..mH\0'E{qa)) ^ H\£' e) ^ (28) 

H\vk) ^ H\8'e) ^ H\0'E{-qo)) 0. (29) 

where f*,g*,p*,j* denote the maps induced in degree zero cohomology. These maps act 
fiberwise on sections in the natural manner, for example /*(??) (e) = fe{r]{e)), for any r] G 
®j=i..sH^iOEip)) and ah e e E. In particular, for all s G ®a=i..mH°{0'E{qa)) and ah e G 
we have: 

P*is){e) = Pe{s{e)) = S{e) mod {/e(©j=l..sOiJ,e(p))} = s(e) + fei(Sj=l..sOE,e{P))- (30) 

The diagram ( p6|) gives g^, o p^, = g^,. Together with the above sequences, this gives the 
diagram : 



i 

(Bj=i..sH0{OE{p)) 
f* i 

(Ba=l..mH^{0'Eiqa)) (31) 

P* i O \9* 

i 


From (|3l| ) one easily deduces that 

H\V;,) =p.{keT{®a=l..mH\0'E{qa)) ^ {O'e {- qo))}) (32) 

Moreover, since p<t: is surjective, the rank theorem for gives: dime ®a=i..m H^{0'^{qa)) 
= (iim.cH^ {£' e) + s, where we used kerp^ =im/* and injectivity of /* to deduce that 
defp^, = s. Taking dimensions in the exact row of the diagram gives dim^^H^ {0'^{qa)) = 
r+dmiicH^ {0'^{—qQ)) . These relations combined imply : 

dime ea=i..™ H\0'E{qa)) = dixncH\0'E{-qo)) +r + s (33) 

On the other hand, applying the rank theorem to the map p*\kergt and noting from the 
diagram that kerp* C kerg^, im(p^,|fcerg,) =P*(ker(7*) = H^{V^) and kerp* =im/* gives : 

:= dinicker^i* = r + s (34) 

Note that none of these results requires that is fully split, so they will hold for any 
semistable and of degree zero. 

Now suppose that we are able to obtain a basis {vi...vn) of ker g^f. p^^ being surjective, we 
are then assured that the sections ui := p*(t>i)...MAr := p*(vAr) form a system of generators 
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of H^{V^) over C. Now let 'Wi{e)..Ws{e) be a C-basis of fei®j=i..sOE,eip))- Then it is easy 
to see that 0: 

dime < ui{e)...U]\f{e) >= dime < vi{e)...V]\[{e),'Wi{e)...Ws{e) > —s (35) 
and we can identify qi by looking for jumps of dime < vi{e)...viy{e),wi{e)...Ws{e) >. 

A matrix formulation 

A practical way to compute dime < vi{e)...vj\fie),wi{e)---Ws{e) > is to note that all 
of our vectors belong to ®a=i..mO'^ ^{qa), so we may expand them in their components 
(denoted by upperscript a) along the one dimensional vector spaces O'^ ei^a)- Then dime < 
vi{e)...VN{e)-,wi{e)...Ws{e) > can be obtained as the rank of the matrix : 





■ ^2^(e) 


,4'^(e) . 




U^^(e) . 


. v^-\e) 







(36) 



where we define the rank by imploying the minors in the usual way, except that in the 
definition of determinants we replace multiplication by tensor product. (It is immediate that 
this definition has the standard properties due to the fact that all components of our vectors 
live in one-dimensional subspaces, so that one can choose bases of these subspaces to reduce 
to the usual case of matrices over the field of complex numbers). 

Our task will be finished if we can find a family {wi{e)...Ws{e)) of bases of the spaces 
fe{®j=i..sOE,e{p)) for all e € E. It turns out that this task can be disposed of in the 
following manner. Consider a local section rj G H^{U,Oe{p)) of Oe{p) above an open 
neighborhood U of p. We can always choose r] such that r/(e) ^ 0. As the map fe '■ 
Q)j=i..sOE,e{p) ®a=i..mOE,eO' {qa) is iujective for all e £ E, we are then assured that 
{wi{e) := feir]{e),...,0),...,Ws{e) := /e(0, ry(e))) forms a C-basis of /e(ej=i..sO£;,e(p))- In 
our case : 

Wj{e) = {E^^\e)®r^{e)...E^^\e)®r,{e)) (37) 

which shows that r][e) will factor out of all minor determinants involved in the computation 
of rankS'(e). Thus, we have rankS'(e) =rankS'(e), where : 



S{e) 



(m) 



(e) 
(e) 



,E['\e) 
,Ei^\e) 



(38) 



(e) 

< vi{e)...VNie) >■ 



Then we have 



Indeed, let Fe :=< wi{e)..'Ws{e) >= fe{®j=i..sOE,e{p)) and let Se 
Se + Fe —< vi{e)...VN{e), wi{e)...WN{e) > and < ui{e)...UN{e) >= Pe{< vi{e)...VN{e) >) — Pe{Se)- Therefore 
dime < ui(e)..UAr(e) dinicPe('5'e) =dimcS'e— dimc(kerpe H Se) =dimcS'e— dimc(Fe H Se) 
=dimc5'e-dimcFe-dinic5'e+dimc(-Fe + Se) =dimc < wi(e)...WAr(e), wi(e)...WAr(e) > — .s. 
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and to find the points qi-.-Qr it suffices to look for jumps in rankS'(e) as e varies in E. 

As is obvious from (^) and (^), we liave rankS'(e) = r + s for e € E — {qj\j = 
l..r}. To understand liow tliis occurs, note that, in virtue of ( |3^ ) and of the fact that 
dimckerp* =dimc(kerg*)— dimc-ff'^(V^) = N — r = s, there must be s independent linear 
combinations of vi...viy, with constant coefficients, which give sections of f{®j=i..sOEip))- 
Any such combination is of the form: 



aiviie) = (39) 



E 

=1..N j=l 



where z^i(e) := /,,(z^, 0...0), i/<j(e) := /*(0, 0, ...z^) and v € H^{Oe{p)) — {0} is arbitrarily 
chosen. (Indeed, since /=K.e is injective and i/(e) 7^ for all e € -E — {p}, we see that 
(z^i(e)...z^s(e)) form a basis of fei®j=i..sOE,e{p)) for all e G i? — {p}. Then a simple argument 
shows that ( |39D will hold for all e E if we allow f3j{e) to be rational functions on E with 
at most a pole of order 1 at p and no other poles.) Here ai are constant on E. Since 



we can rewrite (^) as : 



ujie) = iE['\e) ® uie)...E(i\e) ^e)), (40) 



^ a;t;Ke) = ^ jj{e) ® E^^\e), (41) 

/=l..Af j=l..s 



where E^^\e) denotes the column vector {E'^^\e)...E'^ {e)) and where 7j(e) := /3j(e) (8) z^(e) 
are regular sections of Oe{p)- This gives s linear dependences among the columns of 5'(e), 
which involve constant coefficients for vi{e). Therefore, we can use these dependencies to 
globally eliminate s of the sections vi..vm over E. One we did that, we are left with a subset 
Vi^...Vi^ which descends to a basis si := pif{vi^)...Sr ■= p*{vi,.) of the C-vector space H^{V^) 
and the matrix ^(e) can be reduced to the (r + s + 1) x [r + s) matrix : 



/ vf^{e) ... vf^e) ,E['\e) ... E['\e) 
\vt\e) ... vt\e) ,Eg\e) ... E^r^\e) 



(42) 



such that rankS'(e) = rankS'o(e) ,Ve G E. Finding such dependencies can easily be achieved 
by looking for constant solutions ai...a]\f of the equation : 

Ei=i..N c^ivl'He) , E{'\e) ... E{'\e) 
det I ... 1=0 (43) 
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Then one finds Vi^...Vi^ in the obvious way. 

Now let Aa(e) € H^{OE{r — qo — Qa)) (« = l--Tn) be the (r + s) x (r + s) -minors of 5o(e) 
obtained by deleting the line (a) of 5o(e)). We see that rankS'o(e) = r + s — 1 iff Aa(e) = 
, Va = l..m. We claim that Aa{e) = Ga{e) (/)(e) where (j) G H^{OE{r)) As Ga never 
vanish simultaneously on E, we see that rankS'(e) < r + s iff (j){e) = 0. We deduce that the 
set {qi...qr} coincides with the support of the zero divisor (</)). 

In conclusion, we can obtain the points qi.-.qr — and thus the spectral cover — provided 
that we can obtain a basis of ^e^{®a=i..mH^{0'E{qa)) ^ H^{0'e{~(Io))} ■ Since one 
knows the concrete form of fl'*, this is straightforward to achieve once one is able to obtain 
bases for each of the vector spaces H^{0'^{qa)), respectively H^{0'^{—qo)). To achieve this 
in practice, one has to start with a concrete realization of Z. 



The construction of Z 



In order to build examples with an 'obvious' fibration structure, one can use the methods 
of toric geometry. The underlying idea is to build Z inside a toric variety P which is itself 
fibered over the base Bh with fibre a compact toric variety Pj. In this case, one also takes 
the base Bh to be toric. Then Z is realized inside P as a 'generalized Weierstrass model' 
in which case the elliptic fibre is visible by simply freezing the variables corresponding to a 
point in Bh- The fibres of tth will then naturally sit inside the fibres P/ of the fibration of 
the toric ambient space. The structure of the models involved is very simple and will become 
apparent in the examples we give in the next section. For all of those examples we will have 
P/ = WP2,3,i and Z will be a hypersurface in P. 



Descent from Pj 



If L is a bundle over Pj, a basis of sections for its restriction Le to E can usually be 
obtained by descending from the ambient space P/ of E. In favorable cases — as when 
Py = WP2,3,i — one obtains that the restriction maps H^{L) H^{Le) for the bundles 
involved in our construction are surjective. In this case, one has a commutative diagram 
with surjective vertical maps: 

^^The easiest way to see this is to note that for a fixed e E E, we can choose local bases of the fibres O'^ e(9a) 
and thus reduce to the case of complex numbers. Then we can treat the columns xi...Xr+s of 6*0(6) as vectors 
in the vector space C™ = C+^+i. Now we can consider the natural nondegenerate bilinear form on C™ given 
by (x^y) = X]a=i m^<^y<^ ^^'^ natural mixed product given by the m-linear form {x^...x"^) := e^^ . i^^Xj^^ ...x™^ . 
Associated to these objects there is a natural (m — 1) -linear vector product (denoted by x) on m — 1 ordered sets 
of vectors. Now consider the vector A := xi x ... x Xr+s, whose components coincide with Aj(e). Because all Xi 
{i = l..r+s) lies in ker{ge), one sees immediately that all Xi are (., .) - orthogonal on the vector G :— (Gi (e)...Gm(e)). 
Therefore, their vector product A is colinear to G, and since G is nonzero (as the map g is transverse), we can 
write Aa(e) = Ga(e) (g) (f>{e). Because A^ and Ga are regular and because Ga are never all zero on E, this implies 
that is a regular section of a line bundle on E, whose degree is then fixed to be r by the degrees of A^ and Gq. 
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Pi O ip' 

which gives: 

ker{e„=i..^//0(O^(gJ) ^ H\0'E{-qo))} = p{keT{®a=i..mH\0'^^{qa)) i/°(0^(-go))}) 

(44) 

Sections of line bundles over 

In the examples we consider in section 5, if P has homogeneous coordinates xi..Xn, then 
the base Bh is described by some subset of the homogeneous coordinates {xi..Xk), say, so 
fixing b is equivalent to fixing these coordinates to some values bi..bk (up to the (C*)'' action). 
Then Pj is a toric variety whose homogeneous coordinates can be naturally identified with 
the restricions of Xk+i---Xn to Pj. Thus, the restriction of a line bundle 0(si...s„) over P to 
a fixed Pj fibre is nothing but the line bundle 0{sk+i---Sk) over Pj. 

To compute a C-basis of the space of sections of a given line bundle 0{sk+i---Sn) over Pj, 
recall that there exists a vector space isomorphism between H^(¥ f^O{sk+i.-.Sn)) and the 
subspace of polynomials in C[xfc+i..x„] which are (C*)"~^-multihomogeneous of multihomo- 
geneity degree (sfc+i...s„). This reduces the computation of H^(¥ f,0{sk+i---Sn)) to finding 
all monomials of approprate multidegree, which is an algorithmic problem easily tackled by 
a computer. 

4.2 Summary of the procedure 

Let -E be a smooth elliptic fiber of Z. Assuming that Ve is fully split and semistable, the 
points where the spectral cover of V intersects E form a multiset qi...qr- To determine this 
multiset consider the twisted bundle defined by the monad : 

(B'j=iOe{p) ^ e^=iO^(g~ ) ^ O'd-qo) (45) 
Then compute a basis of sections {vi...vn) {N = r + s) of the C- vector space: 

ker{e,=i..^F0(O^(g,)) ^ ^^(©^(-go))} (46) 

and form the matrix of sections S given in (^). The multiset qi-.-qr can be identified as 
follows. The underlying set {qj\j = l..r} is the set Z{S) := {t G ii^|rankS'(t) < r + s}. The 
multiplicity of any t £ S in the multiset qi-.-qr is given by := r + s — rankS'(t). That is, 
the desired multiset is given by {mtt\t € S}. 

Moreover, if one wishes to compute a basis si...Sr of sections of V^, then one can solve the 
equation (|4^ ) for constants ai...a]\f. This will give a set of s linear relations with constant 
coefficients among vi-.-vn (modulo the £"s). By eliminating s of the sections vi.-.vn via 
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these relations, one obtains a subset of sections Vi^...Vi^. of ®a=i..mH^{0'^[qa)) whose natural 
descendants si := p^:{vi^)...Sr ■= p*{vi^) form a basis of the vector space H^{V^). If one has 
already determined such a basis, then one can form the matrix 5*0 in equation (^). 

Now find all (r + s) x (r + s) - minors of S. For each line a G {l..m} of S, there is exactly 
one such minor A^, obtained by deleting the line (a). This gives a set ofm = r + s + l 
such minors, labeled A^, a = l..m. Then there exists a regular section cp of 0£;(r) such that 
Aq = Ga®4> for all a = l..m. The underlying set {qi\i = l..r} of the multiset qi-.-Qr coincides 
with the support of the zero divisor of the section (j). If the support of this divisor is formed 
of less than r points,then one can deduce the multiplicity of each point q G supp((/>) in the 
multiset qi-.-qr by computing rankS'(q') at that point. 



5 Examples 



5.1 Models on a K?) surface realized as a hypersurface in a 
resolution of WP^'^'^'^ 

5.1.1 A model on the tangent bundle 

We first present a model on a K2> surface Z realized as a degree (12,6) hypersurface in a 
resolution P of WP^'^'^'^. The bundle will simply be its tangent bundle. In the language of 
(0, 2) linear sigma models we have 6 right-moving bosonic fields (xi, ..X5,p) and 6 left moving 
fermionic fields (Ai,..,A5,7) which are charged as follows under the ^7(1)^ worldsheet gauge 
group : 



Xl 


X2 


X3 


X4 


X5 


p 


6 


4 


1 


1 





-12 


3 


2 








1 


-6 



Ai 


A2 


As 


A4 


As 


7 


6 


4 


1 


1 





-12 


3 


2 








1 


-6 



Here each line of a table gives the charge under the corresponding U (1) group. 

We will choose the following F's and G as a definition of the complex structure of the 
K3 surface and part of the definition of the bundle: 



G = xf + xi + {xY + 

Fi = 2x1 

F2 = 3x1 

Fs = I2xfxl 

Fi = I2xfxl 

F, = 6ixl^+xl^)xl (47) 
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We will also need to specify two sets of i?'s, which are given as follows: 



El 


E2 


E3 




E5 


Eol 










X4 


-2X5 





2>xi 


2X2 








X5 


-6X6 



One easily checks that each set of E^s satisfies the condition J2EiFi + EqiG = 0. The 
transversality conditions are also obeyed. 

The fibration of Z is obtained by viewing X3, X4 as the base parameters. Then the 
equation G = gives the elliptic fibre as a sextic curve inside of the WP3^2,i fibre (spanned 
by the homogeneous coordinates xi,X2,X5) of the ambient toric space P. The base of the 
fibration is a F. It is easy to see that the toric divisor (xs) cuts Z along a section a = Ztl^x^) 
of the elliptic fibration. Therefore, an elliptic fibre E meets a in the point p = E (xs) and 
we have Oe{p) = Oe{x5), where Oe{x5) := 0{x5)\e = 0(0, 1)\e := Oe{0, 1). 

Given the above data, it is now easy to compute the spectral cover via the technique 
introduced in section 4. In the notation of (^), the twisted bundle = Ve^Oe{p) is given 
by the complex : 

^ e%^OE{p) ^ Oe{6,4:)®Oe{4,3)(BOe{1,1)(BOe{1,1)(BOe{0,2) ^ Oe{12,6) ^0 

(48) 

where we twisted the defining monad of Ve by 0_e(x5) = Oe{0,1). The first step of the 
procedure involves finding the kernel of g^,. This is spanned by the columns of the following 
matrix of sections |^ : 





3x1X5 
2 


3x2^ 
2 










X2X5 


Xi 








K : = 







X4^1x5 




4X3^^ 




2X3^^ 










X5 



















(49) 



It is easy to see that columns 1 and 4 of the above matrix are linearly dependent modulo 
constants multiplying columns 2,3 and the twisted -E"s (i.e. columns formed by multiplying 
the £"s by X5), hence we may remove them in constructing the matrix Sq as explained above 

^^Here (and in all following examples) we decomposed each section of kerg, C (Ba=i..mO'^{qa) in its components 
along 0'^{qa)- The lines of the matrix are indexed by a = l..m in this order, while each column gives the components 
of a section of kcrg^. The set of these columns forms a basis of kcry*. 
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The matrix 5*0 is thus constructed by appending the E^s to columns 2 and 3 of if 



Sn '■- 



3x2^ 
2 








3 Xl 


Xl 








2X2 





xs'' 












X4 











-2X5 


X5 



(50) 



The spectral cover may then be found by dividing the i-th 4x4 minor of 5*0 by Fi, leading 



to the equation [{xl^ + x^^)^] 



X2 
5 



(where a denominator given by Xj^^ was discarded). 



Further analysis by the methods of [g] shows that Ve is actually F2, an irreducible stable 
rank 2 bundleP^ This agrees with the result of Corollary 6.7 of j^. Although this is not fully 
split, it will be shown in |Q that our method for computing the cover still goes through for 
such a case. 



5.1.2 A generalization of the previous model 

Let us consider a generalization of the previous model. Specifically, we still consider the 
tangent bundle of a K3 surface realized in the same ambient space, but now we let the 
surface be given by a more general degree (12, 6) polynomial. The charges of all fields are as 
before, but now we take : 

G = xl + xl + X2xlf + gxl (51) 
Fi = diG = 2x1 (52) 



F2 = d2G = 3x^ + xlf 
F3 = dsG = X2xid3f + dsgxl 
F4 = d^G = X2x|(94/ + d^gxl 
F5 = d^G = Afx2xl + Qgxl 



(53) 
(54) 
(55) 
(56) 



where / and g are homogeneous polynomials in (x3,X4) of multidegrees (8,0), respectively 
(12, 0). The elliptic fibration degenerates at the zeroes of the discriminant A = 4/^ + 27 g'^ of 
the elliptic fibration. For generic choices of /, 5, the resulting K2i surface will be smooth. In 
particular, transversality of Fi..F^ on Z is assured in such a case. Since we desire the tangent 
bundle of Z, the £"s are the same as before. Again each set of £"s satisfies ^ EiFi+EoiG = 
and the fibration structure is similar to that of the previous example. The twisted bundle is 
given by the same complex. 

The kernel of g^ is spanned by the columns of the following matrix of sections : 



^^This is denoted by I2 in but we use Atyiah's notation as in the appendix 
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K 





^■^2 ^4 A 







-r2 _L 9 W 
X5 -r 2-^2-^3a4A 



1x5X2 + 2fxlx3^ 




^■^5 g^A 



-l(/4 + 3xi) 







(57) 



where, to simplify formulae, we introduced the Wronskian W = d^gdi^f — dj,fdiig. It is easy 
to see that the second and the third columns are linear combinations of the first column and 
the twisted i?'s. The matrix Sq is thus obtained by appending the i?'s to columns one and 
four of K : 



S 





3xi 





-hU4 




2X2 





Xl 







X?, 





■^5^4 A 





X4 





^^2 A 


X5 


-2X5 






+ 3x^1 



(58) 



The spectral cover is again found by dividing the i-th 4x4 minor of S by Fi, leading to 
the equation X5A = (where a denominator given by 84 A was discarded). This is again 
degenerate. 

Note that the coefficient multiplying X5 has zeroes along the discriminant locus of Z. 
This leads to the conclusion that the spectral cover must include the 24 degenerate elliptic 
fibers of Z. In particular, this is consistent with the formula ( p!o| ) for the class of the spectral 
cover (if one valiantly generalizes it to this degenerate case). 

According to the interpretation proposed in 
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such a cover would correspond to het- 
erotic small instantons, but in our case the bundle V is perfectly smooth. If the above 
statements are correct, it appears that the spectral bundle (or rather the spectral sheaf) 
must conspire with the degenerate elliptic fibres such that a (generalization of) the pushfor- 
ward construction yields a well-defined bundle (i.e. a locally free sheaf). A more detailed 
discussion of this will be attempted elsewhere. 



5.1.3 A simple deformation of the tangent bundle 

As in the previous subsection, we consider a K3 surface realized as a degree (12,6) hyper- 
surface in a resolution of the weighted projective space WP^'^'^'^ Let us require that the 
deformed bundle has the same set of -E"s as the tangent bundle. This is essentially the sim- 
plest possible deformation. Condition ([T7|) severely constrains the allowed Fj. Namely, one 
must have 

2 

Fi = 2xi hx2X5 — kxi^ 

3 

F2 = 3x2 + 4{f — 0,) + /1X1X5 — mx2x| 
F3 = X2xl,p3 + qsxl + raxixf + 53X2X5 
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F5 = (4/ + 2a)x2X5 + Qgxl + S/cxiXg + 2771x2X5 , (59) 

where P3,P4, qs, q4, h and a are polynomials on the base of the appropriate degrees. (p!7|) also 
implies two relations between them, namely 

X3P3 + xaP4: = 8f + Aa , xsgs + x^q^ = 12g , xsr^ + x^ri = 6k , X3S3 + X4S4 = Am (60) 

Going through computations similar to the above, one obtains that the spectral curve is 
given by : 

S : xl {576f + 3888g'^-32h'^mf + 576hkf + lUm'^f- 288h'^fg-24:h^mkf 
-144 am^f + 144 hkaf + 120 hkm'^ f - 432 f + 108 h^k^f + 16 mh^af - 72 h^kg 
-UAah^g - 96h^m^g + 16 h^mg + 1296 amg - 216 hmkg + IMAk^g + lUm^g + 
16 mh^a^ + 36 m^k^ + 324 amk^ - 54 /i/c^m - 48 ahkrr? - 144 + 243 /c^ - 
72hka^) = (61) 

(where a denominator dependent only on the base coordinates was discarded). This is again 
a degenerate cover. 

5.2 Models over a Calabi-Yau threefold realized as a hyper- 
surface in a resolution of WP^'^'^^^ 

5.2.1 A model on the tangent bundle 

We first present a model on a Calabi-Yau threefold Z realized as a degree (18, 6) hypersurface 
in a resolution P of WP^'^'^'"^'"*^. The bundle is the tangent bundle of Z. The (0,2) linear 
sigma model has 7 right-moving bosonic fields (xi, ..XQ,p) and 7 left moving fermionic fields 
(Ai,..,A6,7) with the U{1)'^ charges: 



Xl 


X2 


X3 


X4 


X5 


Xq 


p 
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1 





-18 
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2 
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-6 



Ai 


A2 


A3 


A4 


A5 


Ae 


7 


9 


6 


1 


1 


1 





-18 


3 


2 











1 


-6 



We have 



G 
Fi 
F2 
F3 
F4 
F5 

Fa 



xl+xl + X2xlf + 5X6 

2x1 

3x2 ~^ -^tf 

d3fX2XQ + 535X6 

d4fx2XQ + d^gxl 
d5fx2XQ + d^gxl 
4/X2X6 + 65x6 , 



(62) 
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where / and g are homogeneous polynomials in (^3, X4, X5) of degrees (12, 0, 0) and (18, 0, 0). 
The fermionic symmetries are specified by : 



El 


E2 


E3 


E4 


E5 


Ee 


Eqi 












X5 


-3X6 





3xi 


2X2 











xe 


-6 



(63) 

The base of the elliptic fibration is a parameterized by the homogeneous coordinates 
X3,X4,X5. The elliptic fibre is a sextic in WP3^2,i- As before, A = 4/^ + 27g'^ denotes the 
discriminant of the elliptic fibration. The equation of the cover is a:gA/34A = (discarding 
a denominator given by O4A), which is degenerate as well. 

5.2.2 Simple deformations of the tangent bundle 

As in the K3 case, one can consider the simple deformation of the tangent bundle which 
preserves the E^s. This is given by : 

G = xl + xl + X2xlf + gxl 
2 

Fi = 2x1 - -^hx2XQ 

F2 = 3x| + X6(/ - a) + /ixixe 
F3 = P3X2xl + q3xl 

F4 = P4X2xj + q4XQ 

F5 = P5X2XQ + qexl 

Fe = (4/ + 2a)x2xi + 6gxl , 

The functions pi, qi satisfy the constraints 

X3P3 + X4_p4 + X5j05 = 12/ + 6a , X3q3 + x^qi + x^q^ = ISg (64) 
The spectral cover is again degenerate and is given by: 

S : xi(4/3 + 27/ - 3aV - - h^ag - 2h^fg) = (65) 

(where a denominator given by p^q^ — p^qe was discarded). 

Under the same assumptions as before, the spectral surface would consists of 3 copies of 
the section of Z and a vertical component, which projects on the base as a curve 7 of 
degree 36, given by the zero locus of the polynomial 4/^ + 27g'^ — 3a^f — — hP'ag — 2h'^fg. 

So far we've obtained rather 'boring' covers in the sense that they are always merely 
multiple covers of the base of the heterotic manifold (modulo some extra elliptic fibers). One 
may wonder if a monad presentation can be found for bundles with a nontrivial spectral cover. 
We will see that this is indeed the case in the next paragraph; the model we will display is 
however not perturbatively well-defined as a heterotic string theory, due to problems at the 
LG point. 
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5.2.3 A perturbatively unsound model on the same hypersurface 

We will again consider a degree 18 hypersurface in WP^'^'^'^'^ In the previous example there 
are stringent constraints on the allowed deformations of the -F's because of the requirement 
of having transverse S's. Here we will relax that requirement and see where it leads us. In 
doing so, we obtain a model whose spectral cover is nondegenerate but whose LG phase is 
not well behaved. Tit is commonly believed that in such a case stability of V over Z fails. 
Consider a general set of F's and G: 

Fi = +n2X2Xg + 77-4 Xg, 

F2 = 2xi+piX2XG+P3xl, 
F3 = f4:X2XQ + f6X% 

Fa = gAX2xl + qqxI, 

F5 = hAX2XQ + hexl, 

Fq = ksxxl + hxl, 

G = xl + xl + fx2xt + gxl (66) 

The polynomials UJq, Qa, 96, hA, h^, n2, ua, pi, ps, h, /cs, / and g in (H) are taken to 
have the appropriate degrees and to depend only on the coordinates on the base Bh- This 
gives a transverse bundle of rank 5 over a smooth threefold, but there are no longer suitable 
E's in general. 

The spectral cover is given by: 

S : X6(aoXg + 02X2) = 0, 

where 

a2 = (-36 g A;3+36 / k^-ll n4)+4 k^ n\-A ks 71-2 n4-3 k^ 71-2 +3 ^3 71.4 +18 k^ pi p3-9 k^ p|, 

ao = (36 gk5+12f ks ua-A k^ nl)-12 g ks 7i2+4 k^ 712 n4-3 k^ ua pI+G k^ ua pi P3+9 k^ p^-S k^ n2 pi- 

Note that this spectral cover is independent of Ja^, 54,6 and hAfi- For the tangent bundle 
77.4 ~ /, ks ^ f, k^ ^ g and all other coefficients (except 74^65 54,6) ^4,6) are equal to zero. In 
that case, the term in parenthesis in 02 vanishes and the term in parenthesis in ag coincide 
with the discriminant of the elliptic fibration. 

We see that relaxing the condition of having fermionic symmetries leads to a nondegen- 
erate spectral cover, at the price of having a poorly defined (0, 2) linear sigma model. The 
situation is very similar to what we found in the case of 6-dimensional compactifications. 

5.2.4 General deformations of the iJ's 

In order to convert the perturbatively unsound model of the previous section into a well 
defined one it is necessary to impose fermionic symmetries. Here we will assume that the 
fermionic symmetries are the deformations of (|63|), namely 



27 



El 


E2 
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i5^5 




-E'oi 


6 xi + r X2 + (7 Xg 


4X2 +pxg 
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-12 


3 xi + CX2 + bxg 


2 X2 + a x§ 











Xg 


-6 



where r, g, a, 6 and c are appropriate polynomials in the coordinates of the base. 

One can find the general solution of the constraint ( p!7| ) by writing all the polynomials in 
(|6^ ) and (67) as certain expressions in terms of /, g, k^, a, b, c. The spectral cover is given 
by the expression in the previous subsection, with uq and 02 evaluated for these constrained 
polynomials. Making the relevant substitution one finds that 02 vanishes identically (thus 
turning S into a degenerate cover) and that ao is given by the rather formidable expression : 

ao = 243a^-432an^ + 1926^ + 432aHc- 384a6^c-108a^ 02 + 2880^52 c^- 

OeaHc^ + 12a^c^ + 1944a^ /- 1728a6V + 1728a2 5c/- 4320^0^/ + 
3888 f - 3888 g + 3456 b"^ g - 3456 a 6 c 5 + 864 5 - 15552 af g + 
15552 g^ - 486 a"^ ks + 432 ab'^ ks - 432 c fcg + 144 k^ - 32 6^ ^3 + 
32abc^k3-8a^ k^ - 1944 a"^ f k^ + 144 ac^ fk3 + 3888 agk^- 288 c^gk^ + 
324a2A;| + 96 6cA;| -48ac2A;| + 432/A;| -72A:| (68) 

This shows rather explicitly how imposition of a sufficient number of fermionic symmetries 
in the underlying linear sigma model forces the cover to become degenerate. The spectral 
cover is still given by 3 copies of the zero set of the elliptic fibration and a posible set of 
vertical components. 



5.3 A model over a Calabi-Yau threefold realized as a hyper- 
surface in a resolution of WP^^'^'^'^'^ 

All of the previous models were deformations of the tangent bundle. Since the tangent bundle 
will generally lead to a degenerate spectral cover, one should attempt to construct models on 
bundles which are not deformations of TZ. The model we consider here is of this type, being 
perturbatively well-defined without any fermionic symmetries. This is a radical departure 
from the tangent bundle, but, as we will see, the resulting spectral cover is still degenerate. 

The model is constructed over a degree (24, 12,6) hypersurface in a resolution of WP^^'^'^'i.i ^ 
The relevant fields are 8 bosonic (xi,..,X7,p) and 7 fermionic (Ai,..,Ag,7) under 3 U{1) 
charges, given by: 
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A suitable choice of polynomials which allow for a transverse bundle over a smooth 
threefold is given by: 
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F2 
F3 
F4 
F5 
Fe 



G 




The base is a Hirzebruch surface F2 with homogeneous coordinates x^,X4,X5,xq and the 
fibre is a sextic in WP3^2,i- There are no £^'s required in this model, and the bundle has rank 
5. Computation by the methods of section 4 gives the spectral cover 0401x3^X7 = 0. 

This is again fully degenerate, consisting of 5 copies of the section of the elliptic fibration 
of Z plus extra vertical components. One can also consider various modifications of this 
model, by picking other solutions of the transversality constraints. This leads to various 
families of (0, 2) linear sigma models. For some of these families the restriction of V to the 
generic elliptic fibre of Z fails to be semistable, while on others the restriction is semistable 
but leads to a degenerate spectral cover. While we have explored a few of these families, we 
lacked the computational power to undertake a complete study. 



What are we to make of these results? Both the physical and the mathematical answers 
appear to depend in part on the dimension of the compactification under study. Prom 
a mathematical perspective, the moduli space of (semi-) stable vector bundles over a K3 
surface differs significantly from that which arises over a Calabi-Yau 3-fold. In the case of 
the latter, it is believed that the moduli space (for a fixed Calabi-Yau base) is stratified into 
various components. In some of these components, it is expected that the spectral cover is 
of the degenerate form that we have found. On such loci, the moduli of the bundle over 
the Calabi-Yau are associated with moduli of the spectral bundle over the spectral cover. 
This is the situation in which we have found ourselves regarding our (0,2) linear sigma 
model constructions. On the other hand, the mathematical situation is quite different over 
a K3 surface. The moduli space has no analagous stratification and therefore the generic 
deformation away from a bundle with a degenerate spectral cover takes us to a bundle with 
a non-degenerate cover. 

As far as our calculations go, this means that if we were to include a generic deformation 
in K3 examples (assuming that such a generic deformation can be torically represented) the 
spectral cover should split apart. But in our Calabi-Yau 3-fold examples, we would expect 
— as we have found — that the cover may remain degenerate. 

A natural question, thoTigh, is why — in both the K3 and Calabi-Yau 3-fold cases — 
have we "landed" at a point with a degenerate spectral cover. We suspect the reason to lie 



6 Discussion 
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in the fact that the hnear sigma model is a physical representation of toric geometry. Toric 
constructions — although quite useful — are also quite special. The central element of linear 
C* actions might very well account for the degeneracy we find. 

From a physical point of view, it is also the case that compactifications on K3 surfaces 
and on Calabi-Yau 3-folds have quite different properties. This is most easily gleaned in 
the dual F-theory picture in which we are comparing F-theory with six and with four non- 
compact dimensions, respectively. In four dimensions — and not in six — it was shown 
by |2l| that the F-theory vacuum will be unstable, if the Calabi-Yau 4-fold on which the 
compactification is done has nonzero Euler number. This is due to the appearance of a 
nonzero one-point function for the four- form field. This means that the model is inconsistent 
unless one includes a certain number, Ij, of three-branes to cancel up the tadpole. The 
world volume of such three-branes is taken to fill out the uncompactified spatial directions. 



in order to preserve the 4-dimensional Poincare invariance of the vacuum. As shown in 
in the case of a smooth Weierstrass model X, one must have: 

= x{X)/2A. (69) 

Under duality, these F-theory three-branes are conjectured to map to li heterotic five-branes 
(called 5-brane 'defects' in what follows) which are wrapped over certain elliptic curves of Z. 

Therefore, it would appear that the dual heterotic models for F-theory on a fourfold X 
with nonzero Euler number necessarily include such 5-branes. In fact, this reasoning is a little 
too quick, as discussed for the first time in To understand why, one can start with the 
case of 6-dimensional compactifications (which is better understood) and use an 'adiabatic 
argument' to descend to 4 dimensions. 

Recall that heterotic compactifications on a K3 surface admit degenerate limits in which 
'small instantons' are formed. Such a limit can be understood as a degeneration of the 
heterotic bundle V to a torsion- free sheaf £. In general, such a sheaf has a singularity locus 
of codimension at most two, so in the K3 case the sheaf fails to be locally free at a finite 
number of points. On the other hand, via the Uhlenbeck-Yau theorem, one can think about 
this in terms of SU{r) anti-self-dual Yang-Mills connections, i.e. instantons on the underlying 
real 4-manifold. In this case, the degeneration above can be interpreted as the limit when 
certain instantons collapse to zero size. Such small instantons can be also be interpreted 
as 5-branes whose worldvolumes fill the 6 uncompactified directions and intersect the K3 
surface at the singular points of £. 

It is natural to assume that a similar picture holds in 4-dimensional compactifications 
(over a Calabi-Yau 3-fold Z). More precisely, there will exist degenerations £ oiV (presum- 
ably to some type of torsion-free sheaves), whose singularity locus will be a subvariety of 
codimension 2 in Z, i.e. an algebraic curve F embedded in Z. There exist at least two inter- 
esting cases to consider, namely when F is the lift of a curve 7 in the base Bh (i.e. the image 
of a section of X|^) and when F coincides with an elliptic fibre of Z. Such singularizations of 
V can again be interpreted as heterotic compactifications containing 5-branes wrapped over 
F. 

To motivate these ideas, one can imagine 'fibering' the 6-dimensional picture above over 
a base of complex dimension 1. This will give a degeneration of V over a curve of the first 
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type, whose associated 5-branes we will call 'instantonic' 5-branes. On the other hand, it 
is natural to identify the second type of 5-branes with the 5-brane defects discussed above. 
Both these types of 5-branes will bring a nontrivial contribution to the anomaly cancellation 
conditions on the heterotic side, which becomes: 



The inverse process — desingularizing £" to a stable bundle V — can be interpreted as a 
5-brane 'dissolving' into a gauge instanton of finite size. If the above picture indeed holds for 
both types of 5-branes, such a process should be possible not only for instantonic 5-branes, 
but also for 5-brane defects. On the F-theory side, it should therefore be possible to pass 
from a situation in which 3-branes are present to a situation with no 3-branes. How is 
such a process realized ? As argued in Q, this should correspond to the F-theory 3-branes 
'dissolving' into some coincident 7-branes, i.e. expanding to become finite size instantons of 
the world volume theory of those 7-branes. It was argued in Q that a 3-brane can dissolve 
only on a multiple 7-brane, i.e. a state of at least two 7-branes sitting on top of each other. 
Such multiple 7-branes are partially wrapped over components of the discriminant locus of 
X at which the discriminant vanishes in order at least 2; therefore, they will correspond to 
loci above which X becomes singular. As the 3-branes expand to finite size instantons, part 
of the associated enhanced gauge group will be broken. In such a situation, therefore, the 
enhanced gauge symmetry on the F-theory side will be less than that predicted by Tate's 
algorithm. Similarly, the gauge symmetry will be reduced on the heterotic side since the 
dual transition of a 5-brane to a finite size instanton increases the holonomy of the heterotic 
bundle. 

We see therefore that one can have F-theory compactifications with xi^) 7^ but with no 
3-brane defects. In this situation the tadpole will be canceled by the presence of instantons 
on the 7-brane and the F-theory consitency condition is modified to : 



where S is the gauge bundle over the 7-branes. 

Since the spectral cover of V is controlled by the complex structure of X, it follows that 
the moduli of S must map to the moduli of the spectral bundle of y. is a bundle over 
the spectral cover of V, which generalizes the line bundle L ^ S to the case when S has 
multiple components. 

Now, if is a nonsplit higher rank bundle, then the same shoud be true of W. But the 
only way that this can happen is if the spectral cover is degenerate so that the line bundles 
Li from merging components can themselves merge into a higher rank bundle. Therefore, the 
heterotic dual of an F-theory model with x(^) 0) with no 3-branes and with an irreducible 
instanton connection (more precisely, not fully reducible) on the multiple 7-branes is expected 
to have a degenerate spectral cover. This is precisely the situation we have found in all of 
the models we studied. 

To understand why this happens for this class of models, remember that we carefully 
chose our (0, 2) model data such that the heterotic compactifications be consistent as purely 



C2{V)+Id + Ii = C2iTZ) 



(70) 



C2{S) = x{X)/2A 



(71) 
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perturbative theories (and in particular satisfy C2{V) = C2{TZ)); it follows that in our case 
there are no 5-branes on the heterotic side. Therefore, F-theory on X cannot contain 3- 
branes. In all of our models Z was also chosen to have an 'obvious' elliptic fibration. In 
the spirit of we therefore expect that their F-theory duals are realizable on fourfolds 
X presented as Weierstrass models in some toric varieties. Typically such an X admits a 
desingularization (obtained by varying its complex structure) to a smooth Weierstrass model 
X smooth realized in the same way. Then a computation similar to that of of 1 21 ] will generally 
imply xi^ smooth) > 0. Thus the F-theory vacuum on X smooth will be forced to contain 3- 
brane defects. As we singularize to obtain X, the number of these 3-branes can decrease 
only if some of them dissolve into some multiple 7-branes. Therefore, the only way that 
i^-theory on X will have no 3-brane defects is that all of these 3-branes have dissolved into 
the 7-branes. 

These rather abstract arguments lead us to believe that the reason for obtaining com- 
pletely degenerate spectral covers is that the condition that Z have an obvious fibration 
essentially forces Xgmooth to have a nonzero Euler number and that the vacuum configura- 
tion of the gauge theory on the corresponding multiple F-theory 7-branes is given by a gauge 
connection which is not fully reducible. We now proceed to partially test this hypothesis in 
our 4-dimensional examples. Since we do not have enough control of the gauge connections 
on the 7-branes, the best we will be able to do here is to test whether the Euler number of 
X smooth is nonzero. 



6.1 Determination of the dual fourfols 

6.1.1 The F-theory duals of the models of section 5.2 

Let us first concentrate on the examples of subsection 5.2. The rank of the bundle is 3 and 
the ten dimensional Eg x Eg gauge group is broken to Eg x Eq. 

Having an explicit expression for the spectral cover one can attempt to construct the 
F-theory dual along the lines of j^. Although the work of Q was concerned only with the 
case of generic spectral covers, let us ignore possible subtleties]^ associated to the degenerate 
character of the cover and see where direct application of Q leads us. 

In the examples of subsection 5.2 the heterotic base is a P^, with anticanonical line 
bundle = Op2(3). The toric data is the same for all of the models in that subsection. 
The heterotic 3-fold is a Weierstrass model embedded in the ambient space P2,3,i(0_B;f (6) © 
OBHi^)®^BH)- the notation of section 2, the fibre variables are x := X2, y ■= xi, z := xq, 
which are sections of Kj^^ ® Op^ (2) ?a Op^ (6,2), K]^^ Op^ (3) Op^ (9, 3) and Op^ (1) 
Op^(0, 1) respectively. Homogeneity constrains the general spectral cover for this toric data 
to be of the form : 

aoz^ + a2xz + asy = , (72) 

Subtleties occur due to the following reason: since we are considering a degenerate cover and since the spectral 
bundle need not be a direct sum of line bundles over the components, the argument employed in jsj to determine 
the dual fourfold may have to be modified. 
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where oq, 02 and 03 are polynomials over Bh of degrees d,d — 6 and d — 9. Since our models 
are purely perturbative we have C2{V) = C2{TZ). The precise value of d can be fixed by 
computing ■kh,*{c2{TZ)) along the lines of Following the procedure described there one 
obtains: 

vr//,*(c2(y)) = 12ci{TBh) = l2ci{K^l) (73) 

so that: 

N = K^l' (74) 

This relation is valid for a Weierstrass model over an arbitrary toric base Bh- In our case 
= K~2 = Op2 (3) and we obtain: 

A^=Op2(36) (75) 

which fixes d = 36. Note that, since Bh ~ is not a Hirzebruch surface, we cannot apply 
(|To| ) directly to our model. 

Let us first describe the toric data of the F-theory dual. According to section 2, X is a 
Weierstrass model in the ambient space Pi;' := P2^3^i{K'^'^(BK^^(BObp) where Bp is the ruled 
3-fold F{M Obh) with M a line bundle over Bh- Since Bh ~ P^, we have M = Op2(n) 
for some n € Z. Then K]^^ = K]^^ ® 0^(2) ^ M = Obh{t^ + 3, 2). The fibre coordinates 
X, y, Z are sections of the line bundles K]^l ® Op^(2) ^ Opp{2n + 6, 4, 2), i^^^ (g) Opj,(3) 
Opp{2>n + 9,9,3) and Op^(l) Op^ (0,0, 1). Denoting the homogeneous coordinates of the 
projectivization Bp = P(A4 ®Obh) (essentially the homogeneous coordinates of the P^ fibre 
of Bp Bh) by u, v as in section 2, the toric data for the dual fourfold X is : 



X3 


X4 


X5 


u 


V 


X 


Y 


Z 


1 


1 


1 


n 





2n + 6 


3n + 9 














1 


1 


4 


6 




















2 


3 


1 



X is given by the zero locus of the section - X^ - FXZ'^ - GZ^ G H^iKpl ^ Op^(6)) = 
F°(Op^(6n + 18,12,6)) where F,G are sections of K]^^ = Ospi^n + 12,8) and K^l = 
OBp{Qn + 18,12). The expansions (^,0) give coefficients Fj, Gj which can be viewed as 
polynomials over Bh of degrees (4 — i)n + 12, respectively (6 — j)n + 18. 



According to [10|, to identify Fj, Gj we must first determine the unbroken gauge sym- 
metry of the model, which in our case is Eq x Eg. Then X should have a section of Eq 
singularities (which we can place at u = 0) and a section of Eg singularities (placed at 
V = 0)- Via Tate's algorithm |^], this forces all Fj, Gj to be zero except for G4, G5, Gq, G7 
and F3, F4. It also requires that G4 = d^ for some polynomial of degree n + 9 over Bh- 
Therefore, the defining equation of X takes the form : 

Y^ = X^ + {d2u\^ + F4u\^)XZ'^ + {dlu\^ + dou\'^ + Geu^v^ + G7u'^v^)Z^ (76) 

where we denoted F3, G5 by (22, ao- In this equation, F4 and Gq are controled by the 
complex structure of Z while F3 = 02 G H^{Obh{''^ + 1^)), 03 G H^{OBH{n + 9)) and 
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Gs = ao G H^{OBjf{n + 18)) are controled by the heterotic spectral cover S. There is a 
simple way to determine n directly if one notes that, on the heterotic side, there is no extra 



matter transforming in a representation of the first Eg. Then the results of |1C, ^] imply 
that Gi cannot have any zeroes, which fixes n = 18. Alternatively, this follows from the 
conjecture of j^, according to which aj and dj should be identified. This fixes the value of 
n to 18 and partially determines the equation of X. 

Now let us return to the perturbatively consistent examples of subsection 5.2. In those 
cases the spectral cover is degenerate (02 = 03 = 0), so that 02 = 03 = 0. This gives X in 
the form: 

Y^ = X^ + FiU^v^XZ^ + {dou^v'^ + Geu%^ + GWv^)Z^ (77) 

According to Tate's algorithm, this corresponds to a section of x E^ singularities of X. 
Naive application of the work of |lO| ] would then lead to the conclusion that F-theory on X 
has an unbroken E^ x E^ gauge symmetry. This contradicts the ^ gauge symmetry 
that we find perturbatively on the heterotic side ! How can we understand this apparent 
discrepancy ? The only explanation we envisage is the possibility, discussed above, of having 
an F-theory compactification whose vacuum contains nontrivial instanton configurations of 
the effective gauge theory of its multiple 7-branes. Such configurations break the effective 
gauge group from E^ x to ^8 x -^e- 

To lend more credence to our hypothesis, let us compute the Euler number of the generic 
member Xg^n of the family of Weierstrass models to which X belongs. Such a member is 
smooth and given by a Weierstrass equation of the form — X^ — FXZ^ — GZ^ = in P^t^, 
the polynomials F, G being generic with the same multidegrees as above. The computation 



of xi^gen) = C4{Xgen)[Xgen] Can be achieved by the methods of |^ and gives : 

XiXgen) = 12C1 (C2 + 30c?) [5] (78) 

where cj := Cj{TBp). In our case TBp is given by the exact sequence : 

^ o®^ ^ Ob^ (1, 0)®=' e Ob^ (0, 1) e Ob^ (l, n) (79) 

which allows us to express xi^gen) in terms of triple intersections of the toric divisors of 
Bp. H'^{Bf,Z) is generated by the classes A^, = [Dr,^] = [Do,^] = [D^^], Au := := 
[Dy] of the toric divisors Dx^ = (xj), Du := (u), Dy := (v). We have ci(Obj^(1, 0)) = 
Ax, ci{OBp{n, 1)) = Au, ci{Obp{0, 1)) = A^,. This gives the relation A^ = nAx + A^,. The 
triple intersections can be expressed torically as mixed volumes of polytopes and are given 
by A^. = 0, AxAy = 1, A^A^ = — n. Ay = n^. Using this, an easy computation gives the 
number of 3-branes: 

x{Xgen)/2A = 30n2 + 822 (80) 
which is positive, as expected. For n = 18, it is equal to 10542. 

6.1.2 The F-theory dual of a purely perturbative model with = 

The model of subsection 5.3 has Bh = F2. It turns out that the generic member of the 
family of its i^-theory dual also has a positive Euler number. In fact, we now show that 



34 



this will be the case for any purely perturbative heterotic model with Bh a generalized 
Hirzebruch surface F„. For such a model we have M = Kp = Oir„(12(n + 2), 24). The 
dual is specified by the line bundle Ad = Opnirn, k). Then Bp = © C^Fn) = Fn,m,k (a 

generalized Hirzebruch). According to the conjecture of the line bundle A4 will be of the 
form M =J\f(gi K%^. Then M = Kp^ = 0F„(6(n + 2), 12)). Therefore m = 6(n + 2) and 
k = 12. The Euler number of a smooth Calabi-Yau Weierstrass model with base Fn^m,k was 
computed in Q and is given by: 

x{Xgen) /24 = 732 + mkm - SOfc^n (81) 

In our case, this gives: 

x{Xgen)/2A = 9372 (82) 
which is positive and independent of n. 



7 Conclusions 

We presented a method for computing the spectral cover associated to heterotic compactifica- 
tions which are realizable via (0, 2) linear sigma models over an elliptically fibered Calabi-Yau 
manifold. 

Contrary to naive expectations, we discovered that the most accessible models give rise 
to degenerate covers of a rather trivial form. This indicates that in such cases most of 
the information of the bundle is translated to instanton moduli on multiple F-theory 7- 
branes, as suggested in [Q]. We thus found indirect evidence that a large number of purely 
perturbative heterotic compactifications are dual to F-theory vacua realized on singular 
limits of smooth Calabi-Yau fourfolds with nonzero Euler number, containing (in the limit) 
instanton configurations on multiple 7-branes but no 3-brane defects. 

The F-theory encoding of the moduli space of such heterotic models is therefore not 
completely described by the geometry of the dual 4-fold; rather, a large piece of information 
is again specified by gauge connections. This opens the door to new 'sub-duality' conjectures, 
which seem to be intimately related to topological field theories and integrable systems. From 
a mathematical point of view, such models draw attention to the relevance of degenerate 
spectral covers and the associated bundles, an issue which as yet has not been intensively 
studied. 

Due to computational difficulties, we avoided considering more general models (with a 
'non-obvious' fibration structure). It is an interesting problem to generalize the methods 
presented here to such situations. It should be noted that elliptically fibered Calabi-Yau 
fourfolds of zero Euler number are in a certain sense rather rare |21, 23|. 



As for the story in 6 dimensions, it is important to understand better how the spectral 
bundle moduli are realized. A detailed analysis seems to require understanding the moduli 
space of a certain class of sheaves over the nonreduced scheme associated to such a cover. 
Fully describing the corresponding F-theory duals would require an analysis of certain 'twist' 
moduli of the effective field theory of partially wrapped multiple 7-branes. We hope to report 
on these and related problems in a future publication. 
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A Some classical results on holomorphic vector bun- 
dles over nonsingular elliptic curves 

Let E he a nonsingular elliptic curve, together with a distinguished point p E. Topological 
vector bundles V over E are classified by the pair (rankl/, degF), where degV := deg(dety). 
Here detV := A'^^'^^^ (V) is the determinant bundle of V. In the holomorphic category (which 
is more 'rigid') the classification is finer. 

Consider first the case of line bundles. Let 'Pic'^{E) be the set of line bundles of degree 
d over E. If L is a degree zero holomorphic line bundle over E, then there exists a unique 
point q E such that L ^ Oe{(1 — p)- This gives a p-dependent isomorphism Pic''(ii^) ~ E. 
If L G V\c'^{E), then L ® OE{-dp) G Pic°(^) so we can write L ^ OE{q + (d - l)p) for a 
uniquely determined q G E. Thus, we have p-dependent isomorphisms Pic'^(£^) ~ E for all 
deZ. 

The case of higher rank holomorphic vector bundles is more complicated. First, the 
Riemann -Roch theorem for an elliptic curve states that for any holomorphic vector bundle 
V over E we have x(^) •= hP{V) — h^{V) = deg^. Further, for any such V we can consider 
a maximal decomposition into holomorphic subbundles: V = Vi (B ■■■ (BVk- This reduces the 
problem to the classification of holomorphic indecomposable vector bundles of fixed rank r 
and fixed degree d, whose set of isomorphism classes we denote by £{r,d). 

To study this problem it proves useful to first look at the spaces of sections H^{V) of 
such bundles. Atiyah ||2^ proves the that for any V S £{r,d) we have h^{V) = d, if d > 0, 
respectively h^{V) £ {0,1}, if d = 0. Mor eover, there exists a unique bundle Fj. G £{r,0) 
(up to isomorphism) such that h^{Fr) / and we have h^{Fr) = 1. The bundles Fr can 
be constructed inductively by taking successive nontrivial extensions of O^; by itself. That 
is, Fi := Oe and for any r > 1, Fr is the unique nonsplit extension of Fj—i by Oe- In 
particular, the bundles Fr have trivial determinant and are semistable. 

First consider the case d = 0, which is our primary focus in the present paper. Atiyah 
shows that any indecomposable holomorphic vector bundle V € £{r, 0) can be written in the 
form V = L ^ Fr with L G I'ic^{E) a uniquely-determined vector bundle (which obviously 
satisfies = dety). This shows that £{r,0) ~ Pic^{E). Thus, there is essentially no 
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more 'content' in degree zero indecomposable vector bundles then there is in degree zero line 
bundles. 

The explicit description of £{r,d) for d > is a classical result of Atiyah which 
states that, given a pair {E,p), any V € £{r,d) is of the form V = L <^ E{r,d), where 
E{r,d) is a special element of £{r,d) (defined up to isomorphism) and L is a line bundle 
of degree zero on E. Here L is defined up to tensoring by an arbitrary holomorphic line 
bundle of order r/h on E, where h := gcd{r,d). The bundles E{r,d) are defined (up to 
isomorphism) by an inductive procedure involving extensions by trivial vector bundles and 
tensoring with 0{p). In particular, one has E(r,0) = for all r > 0. The bundles E(r,d) 
have detE{r,d) = 0{d x p). Using this result, one can show that £{r,d) is in bijection 
with E. More precisely, there is a (p-dependent) bijection from £{r,d) to £{h,0) and a 
bijection from £{h,0) to Pic'^(-E), the last map being given hy V L where L G Pic'^(-E) 
is uniquely determined (up to isomorphism) hy V = L (g) Fh, as explained above. Via the 
usual p-dependent isomorphism Pic'^(-E) « E, this induces the desired identification. The 
description of £{r, d) for d < can be obtained by dualizing the above. 

If one asks for a suitable moduli space of vector bundles over a Riemann surface of genus 
g, one finds that it is appropriate to restrict the set of bundles in order to obtain a reasonable 
result. The correct notion is that of semistable vector bundles. For any holomorphic vector 
bundle V, define its normalized degree fJ-{V) by piV) := degV/ rankF. 

Then V is called semistable if p{W) < fJ,{V) for all proper subbundles W of V. If strict 
inequality holds for all such W, then V is called stable. 

To construct the moduli space M(r, d) of semistable bundles of rank r and degree d over 
a Riemann surface of genus g, one considers the set ■ss(r, d) of isomorphism classes of such 
bundles and divides it by an equivalence relation called S'-equivalence. To define this relation, 
one first shows that any semistable V admits a 'Jordan-Holder' filtration : 

= VkC Vk-i C...CVo = V (83) 

by semistable subbundles Vj with fJ.{Vj) = piV) and with the property that each succesive 
quotient Vj/Vj+i is stable and of normalized degree p{Vj /Vj+i) = fJ.{V). Although such 
a filtration is not unique, the isomorphism class of the associated graded bundle gr{V) := 
©j=o..fc-i^/^+i does not depend on its choice. If V is stable, then the only such filtration 
is of the form = Vi C Vq = F and in this case gr{V) ~ V 

The 5-equivalence relation on ss{r,d) is defined by Vi = V2 iff ^^(Vi) gr{V2). If Vi is 
stable, then Vi = V2 iff ^2- 

The desired moduli space is then very roughly given by : 

M{r,d) := ss{r,d)/ = (84) 

More precisely, M(r, d) is constructed as a coarse moduli space by using Mumford's 
geometric invariant theory. M(r, d) is a projective variety, whose (closed) points correspond 
to ^-equivalence classes of semistable bundles. There exists an open subset M^{r,d) of 
M{r,d), whose points correspond to isomorphism classes of stable bundles. All the points 
of M^{r,d) are smooth points of M{r,d) and the converse also holds unless g = r = 2 and 
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d = 0(mod2). Moreover, if r and d are coprime then M{r,d) = M^{r,d). If ]VP{r,d) is 
nonvoid then dim M(r, d) = r^((jr — 1) + 1. 

Now consider the case of an elhptic curve. Assume d > and let h := gcd(r, d). Then 
the main results of relevance for us can be summarized as follows : 

Each 5'-equivalence class in ss{r, d) contains a unique (up to isomorphism) bundle of the 
form V = (B^^iEi with Ei all stable, of equal rank r/h and equal degree d/h, which is the 
only member of the class for which V ~ griV). 

In particular: 

(01) If h> 1 then there exist no stable bundles of rank r and degree d over E. 

(02) If h = 1 then every S'-equivalence class of semistable bundles over E contains a stable 
bundle, which is unique in that class up to isomorphism. 

(1) M(r, d) is a smooth projective variety of dimension h. Moreover, there exists an 
isomorphism M{r,d) ~ Sym'^(Pic'^(i?)) ~ Sym^{E), where Sym'' denotes h-th symmetric 
power. In particular, we have M{r,d) ~ M{sr,sd), for any positive integer s. 

(2) If /i = 1, then the map det : M(r, d) Pic'^(E) is an isomorphism. 

For semistable vector bundles of degree zero over E, the filtration (^) takes the form : 

= VrC Vr-l C...CVo = V (85) 

where r := ranky. In this case, the subbundles Vj have rankT^- = r — j for all j and 
the associated graded pieces Lj := Vj/Vj+i{j = 0...r — 1) are degree zero line bundles on 
E. This gives gr(y) = (Bj=o..r-iLj, with Lj E Pic'^(£') and the above-mentioned bijection 
ss{r,0) ^ Sym''{Pic^{E)) ^ Synf{E). 

Now let y be a rank r and degree zero semistable vector bundle over E and let V := 
V(^Oe{p) for somep G E. Then V must have a maximal splitting (direct sum decomposition) 
of the form : 

V= 0{qj-p)^Fr^ (86) 
j=i..k 

where J2j=i..k''^j = r It is easy to see that the converse is also true, since the direct 
sum of any finite set of semistable vector bundles of equal normalized degree is semistable 
(|2l],pl7,Cor 7). Thus, we have the following simple fact : 



Proposition A.l Let V be a degree zero holomorphic vector bundle over E. Then the 
following are equivalent : 
(a) V is semistable 



(b) V has a maximal splitting of the form ( 86 ) 



(c) The twisted bundle V' ■.= V ® 0{p) has a maximal splitting of the form: 



y'=Y. 0{qj)®Fr^ (87) 

j=l...k 



In this case, the multiset {ri,qi)...{rk,qk) will be called the splitting type ofV. 



^°This follows easily by using degV = and the fact that V is semistable to show that all terms of a maximal 
splittting of V have degree zero. As such terms are necessarily indecomposable, a result quoted above shows that 
they must be of the form Lj (g) Fr^ , with Lj — 0{qj — p) some line bundles of degree zero. 
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As 0{qj) (g) Frj is indecomposable and of degree rj, one of the above results shows that 
h^{0{qj)®Fr-) = rj, so that, for V semistable and of degree zero, H'^{V') is an r-dimensional 
C-vector space. Note that this is true indifferent of the precise splitting type of V. 
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